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Abstract

Rewriting P systems with parallel application of evolution rules, as defined in Be-
sozzi et al. (2002A), are considered here. Different kinds of parallelism methods are
defined for string rewriting. The notion of deadlock is then introduced to describe
situations where rules with mixed target indications are simultaneously applied to
a common string. The generative power of parallel P systems with deadlock is an-
alyzed, with respect to Lindenmayer systems, and some relations among different
types of parallel P systems with or without deadlock, allowing to rewrite all occur-
rences of a single symbol, or all the symbols applying either any of the rules or only
those belonging to a specific set (table) of rules are studied. Some open problems
are also formulated.
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1 Introduction

The P systems were introduced in Paun (1998/2000) as a class of distributed
parallel computing devices of a biochemical type. The basic model consists
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of a membrane structure composed by several cell-membranes, hierarchically
embedded in a main membrane called the skin membrane. The membranes
delimit regions and can contain objects, which evolve according to given evo-
lution rules associated with the regions. Such rules are applied in the following
way: in one step all regions are processed simultaneously by using the rules in
a nondeterministic and maximally parallel manner, and at each step all the
objects which can evolve should evolve. All the evolved objects are then com-
municated to the prescribed regions, which are always specified by a target
indication associated with each rule.

A computation device is obtained: we start from an initial configuration and
we let the system evolve. A computation halts when no further rule can be
applied. The objects expelled through the skin membrane (or collected inside
a specified output membrane) are the result of the computation.

A survey and an up-to-date bibliography can be found at the web address
http://psystems.disco.unimib.it.

In this paper we consider rewriting P systems (see, e.g., Paun (1998/2000),
Zandron (2001), Ferretti et al. (2002)) and our aim is to extend the application
of evolution rules from sequential rewriting to the parallel one (see also Krishna
(2001), Krishna et al. (2000), (2001)). This fact is also biologically motivated,
as a cellular substance could be processed by many chemical reactions (each
on a different site of it) at the same time.

Using parallel rewriting means that at each step of a computation a string
has to be processed, if possible, by more than one rule in parallel, according
to the parallel rewriting method. So in parallel rewriting P systems we have
a three-level parallelism, involving membranes, objects and rules as well.

On the other hand, if the rules we apply on the same string have mixed target
indications, then we have consistency problems for the communication of the
resulting string, as there are contradictory indications about the region where
the string should be at the next step.

This problem has been previously faced and solved with different strategies,
for example (see Krishna (2001)) by counting the number of target indications
of types here, in, out appearing after the parallel application of rules, and then
communicating the string to the region corresponding to the maximal number
of indications. Another possibility is to choose as target region the one which
corresponds to the indication (if existing) that appears exactly once after the
parallel application of rules. If communication problems are to be avoided,
then parallel rewriting P systems without target conflicts can be considered
as well (see Besozzi et al. (2002B)). In such a case, only the rules which match
on the target indication can be simultaneously applied to a common string.

In Besozzi et al. (2002A) we introduced a different approach for facing the
problem of communication consistency: when rules with mixed target indi-
cations are applied at the same time on a common string, then a deadlock
state occurs inside the system (see, e.g., Tannenbaum (2001) for a definition



of deadlock and the ways of dealing with it in the field of Concurrent Systems).
When a situation of deadlock arises for a string, then that string is not sent to
outer or inner regions but it remains inside the current membrane, though it
will not be processed anymore by any other rule. Hence the deadlock state for
that string causes its further processing and communication to be stopped.

In this paper we do not consider any biological counterpart of deadlock, we
only propose a theoretical analysis of parallel rewriting and of its consequences.
We continue the analysis of P systems which use different parallel rewriting
methods and whose configurations may present deadlock states or not. In
particular, we compare parallel P systems to (1) Lindenmayer systems, (2)
parallel P systems to the aim of determining whether or not the possibility of
having deadlock states modifies the generative power, (3) parallel P systems
which use different parallel rewriting methods, in order to find differences with
respect to the class of languages generated.

In Sections 2, 3 we introduce some parallel rewriting methods and the defini-
tion of parallel P systems with deadlock. In Section 4 we give an analysis of
deadlock in P systems and in Section 5 we show the obtained results.

Several open problems remain to be studied, corresponding to some further
types of parallel P systems (with and without deadlock, or which use other
parallel rewriting methods) not yet analyzed.

2 Parallel Rewriting Methods

We denote by V* the free monoid generated by the alphabet V. The empty
string is denoted by A\, Vt = V*\ {\} is the set of non-empty strings over
V', |w| represents the length of a string w € V* and #,(w) is the number of
occurrences of a symbol @ € V which appear in the string w. We will refer to
Dassow et al. (1989) and Rozenberg et al. (1997) for other Formal Language
Theory notions.

In this section we present some kind of parallel rewriting methods for context
free rules. We assume the condition that no more than one rule will be al-
lowed to rewrite a symbol at the same time, as in interactionless Lindenmayer
systems (Rozenberg et al. (1980), (1997)). The following methods of parallel
rewriting will be used:

(S) With a symbol parallelism rewriting step, for each symbol that can be
the subject of a rewriting rule, all of its occurrences are substituted accord-

ing to the same rule. That is, given some distinct symbols ay,...,a, € V
and a string w = x1a|xeahx30} . .. Tpal Tmyr, With of € {ay,...,a,},1 =
L....mym>n,and z; € (V \{a1,...,a,})",j=1,...,m+1, and given
only one context free rule for each symbol 71 : a; = aq,...,7, : a, =



(nondeterministically chosen between all rules which can be applied to each
symbol), in one step we obtain the string w’ = x10}xo0bx30 . . . L0l Tyt
where o} € {aq,...,a,} ;i =1,...,m, and o} = a, in w' if and only if
a; = a in w for some k =1,...,n.

(M) With a maximal parallelism rewriting step, all occurrences of all symbols

which can be the subject of a rewriting rule are simultaneously rewritten
by rules which are nondeterministically chosen in the set of all applicable
rewriting rules. That is, if the string w = z1a172092303 . . . Ty Tpi1, With
ai,...,a, €V (not necessarily distinct) and z; € (V' \ {a1,...,a,})* Vi =
1,...,n+1, is such that there are no rules defined over symbols in the strings
Z1,.-.,%ns1, and there are some rules 1 : a1 = @1, ..., 7, : Ay — Quy, DOL
necessarily distinct, then we obtain in one maximal parallel rewriting step
the string w' = 101 Z202X303 . . . Ty O Ty 1-

(T) AsinTOL, ETOL systems, we can consider the set of rewriting rules divided
into subsets of rules, that is tables of rules. In this case, if we have a string
w and some tables t; : [rf @ a; — aq,..., 7k ¢ ap = Qg l,.. 0 [t
a; — ai,...,r% i ap — ), then in one step only the rules from a table
(which is nondeterministically chosen) can be applied, and these rules must
be applied in one step on all occurrences of all symbols in w, not necessarily
following the order the rules appear in the table. If some rules in the chosen
table are defined over symbols not in w, or if the number of rules in the
table exceeds the length of the string, then we skip those (not defined or
exceeding) rules without forbidding the application of the entire table.

3 Parallel Rewriting P Systems with Deadlock

A membrane structure y is a construct consisting of several membranes hier-
archically embedded in a unique membrane, called the skin membrane. We
identify a membrane structure with a string of correctly matching square
parentheses, placed in a unique pair of matching parentheses; each pair of
matching parentheses corresponds to a membrane. We can also associate a
tree with the structure, in a natural way; the height of the tree is the depth of
the structure itself.

Each membrane identifies a region, delimited by it and the membranes (if any)
immediately inside it. A membrane is said to be elementary if it does not have
any other membrane inside. If we place multisets of objects in the region from
a specified finite set V', we get a super-cell. A super-cell system (or P system)
is a super-cell provided with evolution rules for its objects.

We will work with string-objects, so with every region 1 = 0,1,...,n of u we
associate a multiset of finite support over V, that is a map M; : V* —- N
where M; = {(x1, M;(x1)), ..., (zp, Mi(z,))}, for some =, € VT ,p € N and
0<Mi(ﬂik) <ooVk=1,...,p.



A parallel rewriting P system of degree n + 1 is defined by the construct
= WV,T,u,My,...,M,, Ry,...,Ry)
where:

(1) V is the alphabet of the system;

(2) T C V is the terminal alphabet;

(3) u is a membrane structure with n + 1 membranes, which are injectively
labeled by numbers in the set {0,1,...,n};

(4) My, ..., M, are multisets over V, representing the strings initially present
in the regions 0,1, ..., n of the system;
(5) Ry, ..., R, are finite sets of evolution rules of the form a — «(tar), with

a € V,a € V* tar € {here,out,in}, associated with the regions of p.

The application of evolution rules is performed as follows: in one step all
regions are processed simultaneously by using the rules in a nondeterministic
and parallel manner. This means that in each region the objects to evolve and
the rules to be applied to them are nondeterministically chosen, but all objects
which can evolve should evolve. Moreover, at each step of a computation a
string has to be processed according to the chosen parallelism method.

The strings resulting after the parallel application of the rules must be com-
municated to the prescribed region, which is always specified by the target
indication associated with each rule. When we apply two or more rules to
the same string, we have to check that their target indications match before
communicating the resulting string to the right region. To this aim, for every
region ¢ = 0, ..., n of the membrane structure we divide the set R; of evolution
rules into mutually disjoint subsets of rules which have the same target indi-
cations, that is R; = H; U O; UZ;, where H; = {r € R; | tar(r) = here}, O; =
{r € R; | tar(r) = out} and Z; = {r € R; | tar(r) = in}. Observe that for
every elementary membrane the set Z; will always be empty, and that for any
other region any subset of rules could be empty as well.

Consider now some rules rq, ..., r,,, for some m > 2, which can be applied to
a common string w at the same time. If it holds that (1) ry,...,r,, € H,; or (2)
TlyeeeyTm € Ly or (3) 71,...,7m € O;, that is we apply in parallel only rules
which match on the target membrane, then the resulting string w’ (obtained
after the parallel application of 71,...,7,) (1) remains inside the current re-
gion 7, (2) is communicated to a (nondeterministically chosen) inner region,
(3) is communicated to the outer region. In particular, if the string exits the
system, it can never come back, and it may contribute to the output of the
system.

Otherwise, if the set of rules {ry,...,r,} = R that we want to apply have
mixed target indications, that is, for instance, RNH; # DARNZ; # (), then we
have consistency problems for the communication of the resulting string, as



there are contradictory indications about the region where the string should
be at the next step.

This problem was faced and solved with different strategies (Krishna (2001)),
though we will use here the different approach chosen in Besozzi et al. (2002A):
we say that when rules with mixed target indications are applied at the same
time on a common string we have a deadlock state inside the system. The
string is not sent to outer or inner regions but it remains inside the current
membrane, though it will not be processed anymore by any other rule; this
choice does not mean that the indication here determines the target region, it
means that further string processing and communications are stopped when
a situation of deadlock arises for that string. In particular, we may choose
to consider a deadlock state only for that string, or to define the deadlock
state for the entire membrane where such string is placed. In other words, the
membrane could be seen and used in two distinct ways:

(D1) : other strings can enter the membrane and be processed by local rules,
but they can never exit the region even if they are not in a deadlock state;
(Ds) : other strings can enter the membrane, be processed by local rules and
even exit the region (if they are not in a deadlock state after the application
of local rules).

In the first case, (D;), it happens that a consistency problem for target match-
ing on a single string causes the system to lose an entire computing unit, as
no strings are allowed to exit that membrane anymore. This interpretation
differs, for example, from the dissolving action ¢ of membranes (see Paun
(1998/2000)), in fact after dissolving a membrane we lose the membrane but
we recover its objects in the outer region, while for deadlock membrane both
the membrane and its objects are lost.

In the second case, (D), the membrane would act like a filter for wrong or
right strings, that is for strings with or without deadlock, stopping the wrong
ones and letting the right ones proceed. A wrong string could be seen as an
error taking place during the computation of the P system, and hence it must
be stopped.

At a given time, the membrane structure together with all multisets of objects
associated with the regions represent the configuration of the system at that
time. The (n + 2)-tuple Cy = (p, My, ..., M,) constitutes the initial config-
uration of the system. For two configurations C; = (u, M¢, ..., M}),Cyy1 =
(p, METY, .. MEY) of the system we say that there is a transition from C; to
Ciy1 if we can apply the rules present in the regions according to the above
prescriptions.

We say that a generic configuration Cy, = (u, M{, ..., M!) is free if there are
no deadlock states inside the system at that time. Otherwise, we say that the
system is in a deadlock configuration, and we denote by (M}) all multisets
which contain at least a deadlocked string.

A transition starting from a deadlock configuration will always reach another



deadlock configuration, we do not consider the chance of removing deadlock
states. So if C; = (u, Mg, ..., (M}),..., M}) is a deadlock configuration, then
for all t' > t it holds that Cp = (u, M, ..., (M}, ..., ML), where other mul-
tisets besides (M ;’) could have reached a deadlock state. We remark that the
multiset (M ]t') still represents a deadlock state even though it is not necessar-
ily equal to (M ;), because other strings may have entered membrane j.

A configuration where all multisets are in a deadlock state (that is, at least
one string in each multiset is in a deadlock state) is said to be a global deadlock
configuration, otherwise we talk about local deadlock configurations.

A sequence of transitions of free and (local) deadlock configurations forms a
computation. We say that a computation is halting when there is no rule which
can be further applied in the current configuration. If we interpret deadlock as
in (D), then a global deadlock configuration always causes the computation
to halt. Observe that if the P system is processing a single string and if there
are no rules which can increase the number of the strings, then in both cases
(Dy) and (D) even a local deadlock configuration causes the computation to
halt. A computation is said to be non-halting if there is at least one rule which
can be applied forever.

In this paper we consider extended P systems. The output of an extended
system is the set of strings over T' (if any) sent out of the system during a
computation which eventually halts. Anyway, a string which exits the system
but contains symbols not in 7" does not contribute to the generated language.
Non-halting computations provide no output.

We denote by EPar RP%(m, A) the family of languages generated by extended
rewriting P systems of degree n and depth k, where 7 € {(S), (M), (T)}
denotes the used parallelism method and A € {D,nD} denotes systems with
or without the possibility of having deadlock states, respectively. We use the
notation EParRP(m, A) for systems whose depth or degree are not specified.
If the depth is specified but the number of membranes is not limited, then the
subscript n is replaced by .

4 Analysis of Deadlock

Let us now consider a generic string w € V1 which, at a given time during
the computation, is inside membrane 7, for some ¢ = 0,...,n. We want to
analyze under which circumstances the membrane 7 can be considered a safe
region (Fajstrup et al. (1998)) for the string w; that is, given the pair (w, R;),
we want to determine if there is no possibility for w to be in a deadlock state
after the parallel application of some rules from R;. Otherwise, we say that
membrane 7 is an unsafe region for the string w.



To this aim, suppose that the set R; contains m evolution rules which are
defined over a set of distinct symbols aq,...,qa; € V, with [ < m and with the
condition that, for all j = 1,...,l, there exists at least one rule in R; which
is defined over a;. Moreover, suppose that #,, (w) >0Vj=1,...,0 and that
|lw| > 2 (so we can have parallel rewriting).

Given the above assumptions, consider the following conditions:

(%) : there exists at least one couple of symbols a;, , a;, such that #,, (w) >0,
#a;, (w) > 0 (for some ji,jo € {1,...,1},j1 # ja), and there exists at least
one couple of rules r;,,7;, € R;, defined over a;,, a;, respectively, such that

tar (le ) # tar (sz ) )

(%*) : there exists at least one symbol a; such that #,;(w) > 1 (for some
j €{1,...,1}), and there exists at least one couple of rules r;,,7;, € R;, both
defined over a;, such that tar(rj,) # tar(rj,).

Depending on the parallel method we decide to use, the conditions (x), (%)
define the only possibilities for the membrane ¢ to be an unsafe region for w.
Observe that one condition does not exclude the other, they both could hold
at the same time in the same membrane.

In the following table, when a letter u (respectively s) is placed at the crossing
between a raw marked with (x) or (xx) and a column marked with (5), (M)
or (T), it means that membrane 7 is unsafe (resp. safe) for w under condition
(%) or (%%) and using the parallel method (S), (M) or (7).

For (T')-parallelism, the letter v’ means that the region is unsafe if the rules
in conditions (x), (%) belong to the same table. An interesting research topic
related to this matter concerns the complexity of deciding whether or not a
string is safe, in a given parallel method.

Table 1
Safe and unsafe regions
(5) | (M) | (T)
(%) u u u
(xx) | s u u'

5 The Computational Power

In this section we analyze the computational power of parallel P systems with
deadlock which use maximal, symbol or table parallelism.

These systems are compared to Lindenmayer systems, in particular we prove
that the family of languages generated by ET0L systems is strictly included in



the family of languages generated by maximal parallel P system with deadlock.
Then we show that, when using symbol parallelism, the possibility of having
deadlock states does not modify the generative power of the corresponding P
system without deadlock, as it was shown to hold for maximal parallelism in
Besozzi et al. (20024).

Finally, we study the relations among P systems with and without deadlock
which use maximal or table parallel rewriting methods.

5.1 Relations with Lindenmayer Systems

An ETOL system is a construct G = (V,T,w, Py, ..., Py), m > 1, where V
is an alphabet, T'C V,w € V*, and P;,1 < i < m, are finite sets (tables) of
context-free rules over V such that for each A € V there is at least one rule
A — z in each set P; (we say that these tables are complete). In a derivation
step, all the symbols present in the current sentential form are rewritten using
one table. The language generated by G is L(G) = {v € T* | w =p,
wy =>p, ... =>p, Wn=2,m>0,1<j <n,l <i<m}.

It is known that CF C ETO0L C CS, where CF,CS denote the families of
context free and context sensitive languages, respectively (see Rozenberg et
al. (1997),(1980) for more details about Lindenmayer systems).

In Besozzi et al. (2002A) it was shown that ET0L C EParRP}((M), D). Here
we prove that the inclusion is proper:

Theorem 1 ET0L C EParRP}((M), D)

Proof. We show that the language L = {(ab"™)™ | m > n > 1}, which does not
belong to ET0L, can be generated by a system of type EPar RP}((M), D).

Consider the System II = (V, T, [0[1[2[3]3]2]1]0, @, (Z), @, Mg, Ro, ceey Rg) where
V={AB,B,C,a,b},T ={a,b}, M3 = {AB} and with the following sets of
rules:

Ry={B" — M out),C — \(out)};

Ry ={A — A(in), A — A (out)};

Ry={A — X out), B' = bB'(out),C — A(out),C — C(out)};

R3={A — AC(here), A — AC(out), B — aB'B(here), B — aB'(out)}.

The computation starts in membrane 3 where the string AB can only be
rewritten by means of the rules A — AC'(here), B — aB'B(here) or A —
AC(out), B — aB'(out), otherwise a deadlock state occurs. Using the rules
with target indication here for k — 1 steps, for some k£ > 1, we obtain the



string AC*1(aB')* ! B; if at step k the rules with target out are used, then
the string AC*(aB')* is sent to membrane 2. Observe that in membrane 3
we create strings where the number of occurrences of the symbol C' and of
the couple of symbols aB’ are equal. In particular, we point out that the k
occurrences of C' will be used to check that the number of symbols b introduced
in membrane 2 will not be greater than such fixed value k.

Let us see how the string AC*(aB')*(k > 1) is processed inside membrane 2.
In one step we can simultaneously apply all the rules from Ry: the symbol A
is deleted, one copy of symbol b is introduced and the £ occurrences of C' can
be nondeterministically transformed into a number n4; of symbols A and a
number n¢; of C. We obtain a string z(abB')* where z contains only A’s and
C’s and #4(z) = naa, #c(x) = ne, (observe that ny1 +ney = k).

The order of appearance of symbols A and C in the string is not relevant
for our purpose. For simplicity, in the following we assume strings where all
symbols A will appear before all symbols C'.

The string Am41C"c1(abB')* is sent to membrane 1 where, in order to avoid
deadlock states, we have to apply the same rule A — A(in) or A — \(out)
for all the occurrences of A. Observe that the computation halts (without any
output) if ns; = 0, so in membrane 2 we have to use the rule C' — A(out) at
least for one copy of C to let the computation proceed.

Assume that n4; # 0 and we use the rule A — A(out): the string C™¢1 (abB')*
is sent to the skin membrane, where all occurrences of C' and B’ are erased.
In this way we generate the string (ab)*.

If ng; # 0 and we use the rule A — A(in), then the string C"¢1(abB’)* re-
turns to membrane 2 where the symbols A are deleted, one copy of symbol b
is introduced, and the n¢; occurrences of C' are nondeterministically trans-
formed into a number 149 of symbols A and a number n¢c oy of C, such that
nagz + nea =ney < k. The string A"4.2C"c.2(ab? B')* returns to membrane 1
and the process can be iterated.

Consider now the string A™4iCmci(ab’B')* that, after the i-th iteration, is
inside membrane 1. If we choose to apply the rule A — A(out), then we
generate the string (ab®)*. If we choose to apply the rule A — \(in), the
iteration goes on. What we want to show is that the number 7 of iterations
will always be less or equal to the value k, so the system never generates any
string of the form (ab™)™ with n > m. From the previous analysis, we see
that at the ¢-th iteration it holds na; + nc; = nci—1 < k for any value of
i > 1 (with the initial condition ncy = k), and that the string (ab*)* can be
generated. So we have to prove that after k£ iterations, that is if + > k, the
computation halts and no output is produced.

Observe that, in any case, the iteration process eventually stops because at
each step we decrease by one the finite value k. Moreover, we can say that the
halting condition for the iteration process is given by the values n4; = 1 and

10



ne,; = 0, which corresponds to having the string A(ab*B')* inside membrane 1.
In fact, if now we try to repeat the iteration by using the rule A — A(in), then
(ab'B')* enters membrane 2 and one more b is introduced, the string (ab**!B’)*
would return to membrane 1 where no rules can be applied anymore.

So, the maximum number of iterations which permits the generation of a string
is the value ¢ = k, which is achieved when n,; = 1 and n¢; = ne -1 —1 for all
1 > 1, that is when in membrane 2 only one copy of C is always changed into
one copy of A, and all the other occurrences of C' always remain the same. Of
course this process can be iterated up to &k times (the time needed to reach
the halting condition decreasing k by 1 at each iteration), that is until there
are no more occurrences of C' in the current string. This is also the only case
when we can generate the string (ab*)*. Anyway, as we have already shown,
no strings of the form (ab?)* for i > k can be produced. In fact, if now we
apply the rule A — A(in) on the string A(ab*B’)*, then (ab*B’)* would enter
membrane 2 and one more b is introduced, the string (ab**'B’')* returns to
membrane 1 but here no rules can be applied anymore.

Hence we can generate each and every string of the language L = {(ab™)™ |
m >n > 1}, and it follows that ETOL C EParRP}((M), D). O

5.2 Deadlock vs. Non Deadlock

In Besozzi et al. (2002A) we proved that parallel rewriting P systems with
deadlock which use the maximal parallelism method are equivalent to the
same kind of systems without deadlock. Those results about P systems with
and without deadlock also hold when using the symbol parallelism method:

Theorem 2 (i) EParRP%((S),nD) C EPar RP%((S), D);

(ii) EParRP*((S), D) C EParRPEF((S),nD).

The proof of the previous theorem is similar to the proof of Theorem 3 in
Besozzi et al. (2002A), so we skip it here. We show, instead, a result concerning
the particular case of systems of depth two:

Theorem 3 EParRPZ((S),D) C EParRP;, 5((S),nD).

Proof. Consider a system I = (V, T, u, My, ..., M, 1, Ry, ..., R, 1), such that
L(Il) € EParRP2((S), D), where the skin membrane is labeled with 0 and
the inner membranes with ¢ =1,...,n — 1.

We show how to construct a system IT' = (V', T, i/, M§, ..., M} Ry, ..., R.),
such that L(IT") € EParRP2((S),nD), which generates the same language
as II. Here the alphabet is V U V U {Xi, X here, Xiout | ¢ = 0,...,n — 1} U
{XO,inaX(’),out’T}’ where V = {A | A € V} and V, V, {XiaXi,hereaXi,out | =

11



0,...,n =1}, {Xo,in, X{out> T} are mutually disjoint.

In the membrane structure 4/, the skin membrane m{ and six new membranes
Mo(tar), Mo(tar),checks 10T tar € {here,in,out} are used to simulate the skin
membrane myg in p, while any other membrane m; in p is simulated by means
of four new membranes m;(tar), Mi(tar),check, fOT tar € {here, out}.

It follows that we need 7 + 4(n — 1) membranes in II' to correctly simulate
each and every computation of II, hence m = 4n + 3. Moreover, the inner
membranes in II' are all placed at the same hierarchical level, so the depth of
i/ is unchanged with respect to .

Every string w € M;, for all + = 0,...,n — 1, is transformed into the new
string X;w and placed inside the skin membrane mj. All other multisets in IT'
are empty.

The system II' contains the following sets of rules:

Ry={X; = X;(in) |i=0,...,n—1}U
{Xitar =& Xitar(in) |1 =0,...,n — 1,tar € {here,out}} U
{Xo,n = Xoin(in), Xé,out — Aout)};
Rony = {A = §Xon(out) | A — y(in) € Ry} U
{Xo = A out), Xoin — T(out)} U
{X; = flout) |j=1,...,n—1} U
{Xjtar = flout) | 7 =0,...,n—1,tar € {here,out}};
Roiny check = 1A — T(out) | A — y(tar) € Ry such that tar # in} U
{B — B(out) |VBeV}uU
{Xojin = Xj(out) | j=1,...,n—1}U
{X; = f(out) | j=0,...,n—1} U
{Xjtar = flout) | 7 =0,...,n—1,tar € {here,out}};
y={A = 7Xoou(out) | A = y(out) € Ry} U
{Xo — A(out), Xon — T(out)} U
{X; = flout) |j=1,...,n—1} U
{Xjtar = t(out) | =0,...,n—1,tar € {here,out}};
R out) check = 14 — T(out) | A — y(tar) € Ry such that tar # out} U
{B — B(out) |VB € V}U
{Xo,0ut = X s (0ut), Xoin — t(out)} U
{X; = f(out) | j=0,...,n—1} U
{Xhere = t(out) | j=0,...,n—1}U
{Xjout = f(out) | j=1,...,n—1},

Ry

out

foralli=0,...,n—1:
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;(here) = {A — gX’i,here(OUt) | A— y(here) S Rz} U
{X; — Aout), Xoin — f(out)} U
{X; = t(out) | j=0,...,n—1,j #i}U
{Xjtar = Tlout) | 5 =0,...,n—1,tar € {here,out}};
Ré(here),check ={A — f(out) | A — y(tar) € R; such that tar # here} U
{B — B(out) | VB e V}U
{Xinere = Xi(out), Xom — t(out)} U
{X; = t(out) | j=0,...,n—1}U
{X;here — Tout) | 5=0,....,n—1,j #i}U
{Xjou = Tlout) | j=0,...,n—1},

foralle=1,...,n—1:

iout) = 1A = §Xiou(out) | A — y(out) € R;} U
{X; — Aout), Xoin — f(out)} U
{X; > t(out) | j=0,...,n—1,j #i}U
{Xjtar = t(out) | j=0,...,n —1,tar € {here,out}};
R;(out),check ={A — t(out) | A — y(tar) € R; such that tar # out} U
{B — B(out) |VB e V}U
{Xiour = Xo(out), Xoim — t(out)} U
{X; = f(out) | j=0,...,n—1} U
{Xjou — tlout) | j=0,...,n—1,j #i}U
{X,pere = f(out) | 7 =0,...,n—1}.

The computation starts inside membrane my, for every string X;w,i =0,...,
n — 1. By using the rule X; — X;(in), the string X;w is nondeterministi-
cally introduced into an inner membrane; if it reaches one of the membranes
Mi(tar), With tar € {here,out} for i = 1,...,n — 1, with tar € {here, out, in}
for + = 0, then the computation can proceed, otherwise the trap symbol T
is introduced and no output will be produced. Any computation in II' can
proceed in four different ways, according to the simulated computation in II:
(1) If no rule in R; can be applied to w and in IT’ the string X;w enters a mem-
brane m;(ar), then no rules with target far can be applied here, the symbol
X, is erased, the string w exits the membrane and it will remain forever inside
membrane mg. Otherwise, the rules A — yX; ar(out) introduce the support
symbols Xj i, which lead to the control of target consistency in membranes
Mi(tar) check (S€€ Case (4)).

(2) If the application of rules in R; surely leads to a deadlock state, then the
trap symbol is introduced in membrane m;((tar),check) (which is used to check
whether or not other rules with distinct targets can be applied to the current
string) and the string will never contribute to the generated language.

(3) If the application of rules in R; could lead to a deadlock state, that is only
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some nondeterministic choices of rules produce a deadlock state in II, then
such choices are not simulated in IT’, so if we have some output in II then we
have the same output in II', otherwise no string will be generated in IT' if it
cannot be generated in II as well.

(4) If the application of rules in R; does not lead to a deadlock state, then
the computation proceeds as follows. Let us assume that the target of appli-
cable rules in m; (¢ = 1,...,n — 1) is here, then inside membrane m;gpere)
we introduce the symbol Xj ere and, after checking for target consistency in
Mij(here) check s the string will return to membrane myg with the support symbol
X;, ready to begin another simulation of the rules in R;. The case for the
simulation of rules with target ¢n is similar.

If the target of applicable rules in m; (i =1,...,n — 1) is out, the only differ-
ence is that we introduce the symbol X, after checking for target consistency
N Mi(out) check; at the next step the produced string Xow' can be rewritten
only inside of the membranes mqar), that is we simulate the rules in Rj.

The computations inside the membranes in I1’ which simulate the skin mem-
brane mg are similar to all the others. In particular, in membrane m(in),check
we introduce again the symbol X; in order to simulate the nondeterministical
choice of target in in my.

Finally, the output is controlled by the symbol Xj , which is introduced
in membrane mqout)check Only if some rules with target out are applicable in
membrane mgur), that is only if some rules can be applied in my and no
deadlock occurs. In this case, the rule Xj ., — A(out) deletes the support
symbols Xj ,,, and the output is produced.

It follows that L(II') = L(IT). O

Directly from the previous theorems it follows that:

Corollary 4 EParRP((S), D) = EParRP((S),nD).

5.8 Relations among Parallel P Systems

We begin here the analysis of the relations among P systems with and without
deadlock, which use different parallel rewriting methods. In Besozzi et al.
(2002B) we proved that parallel rewriting P systems without target conflicts,
which use maximal or table parallelism, are equivalent. Here we extend those
results to parallel P systems with deadlock. The relations among P systems
which use other methods are still to be analyzed.

Theorem 5 (i) EParRP*((M),A) C EParRP*((T),A), for A € {D,nD};

(it) EParRP*((T), D) C EParRP*((M), D);
(117) EParRP*((T),nD) C EPar RP ¥3((M),nD).
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Proof. (i). Consider a P system II such that L(II) € EParRP*((M),A). In
order to prove the inclusion, construct an equivalent P system II' of type
EParRPF((T),A) which has the same alphabets and membrane structure as
I1. It suffices now to put all the rules of any membrane of II inside a single
table in the corresponding membrane of IT'.

(i). Let II = (V,T,pu, My, ..., M,_1,Ro,...,R,_1) be a system such that
L(Il) € EParRP%((T), D). Assume that my is the skin membrane in p.

We show how to construct a system II' = (V', T, p/, M§, ..., M , Ry, ..., R.),
such that L(IT") € EParRP T ((M), D) and L(I") = L(IT). We have V' =
V U{X, X, Xneres Xins Xout, T}, where V 1 {X, X3, Xnores Xins Xous, T} = 0.

Consider a generic membrane m; of II, for any + = 0,...,n — 1, which can
contain a set of strings M;, a set of tables of rules R; and, possibly, a set
{m;1,...,m;p} of other membranes. We show how to simulate this generic
membrane in the system II’, and we point out that the simulation of all other
membranes follows the same recursive description below.

The membrane m/ in II'; corresponding to m; in II, is obtained by replacing
every string w in M; with a string Xw, where X is a symbol not in V. The
set of rules of the membrane m; will be:

R: = {X - Xt(m), Xhere — Xt(ln)a Xin — X(Zn)7 Xout - X(OUt)}
(In the skin membrane (i = 0), the last rule is replaced with
Xout = A(out)).
Inside m], we add some new membranes denoted by m;l, .. .,mf’s, one for
each table t, € R;, for r = 1,...,s. Each new membrane mf,r will contain the
following rules:

R}, ={A = yX(out) | A — y(tar) € t,} U{X; = A out), X — t(out)}.

Finally, we add the rule X; — t(out) in each membrane m;,, ..., m;,, which
are all placed inside m; and correspond to the membranes m; 1, ..., m; orig-
inally placed in membrane m;. (Observe that, if ¢ # 0, then the rule X; —
T(out) will be placed also inside m] because of the recursive construction of
the system).

From the construction of 4/, it follows that the number of membranes we need
in IT" to simulate each membrane in II depends on the number of tables in
each R;, hence m cannot be a priori bounded. Instead, we can say that the
depth is increased from the value k to the new value k£ + 1.

Let us now see how the system works. Consider a string Xw in membrane m/,
at the first step of a computation we always have to apply the rule X — X;(in),
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which introduces the new symbol X; and sends the string inside an inner
membrane. If X;w enters a membrane mg,j,j =1,...,h, then the symbol { is
introduced and that string will never contribute to the output. Instead, if X;w
enters a membrane m;,, r =1,...,s, then the computation can proceed. In
this way, we can nondeterministically perform the simulation of a table from
the corresponding membrane m; in II.

Inside membrane mir, for r = 1,...,s, we simulate the rules of the table t,:
we apply all the rules A — yXi,(out) which can be applied and which cor-
respond to rules A — y(tar) belonging to t,, and in parallel we delete the
symbol X;. If some rules can be applied, then the rewritten string w' returns
to membrane m) and the computation can proceed; if no rules can be applied,
then no support symbols will be present in the string w and the computation
halts in membrane m;}. Observe that w' contains some possibly different sym-
bols Xi,r, with tar € {here,in, out}, which describe the target indication of
the corresponding applicable rules in ¢,. We show now that if the application
of a table in m; leads to a deadlock state, then the simulation of that table
leads either to a deadlock state in m; or to the introduction of the symbol 7.
So, in both situations, no output will be generated.

Let us assume that both Xj.. and X;, are present in w’, then in parallel
the rules Xyere = X;(in), Xin — X (in) introduce the symbols X, Xy, and the
string enters a nondeterministically chosen membrane. Wherever the string
is at the next step, the trap symbol  will be introduced because of the rule
X — f(out) in mj, or Xy — f(out) in mj ;.

In all other cases, that is when Xjere, Xout 0T Xin, Xout O Xheres Xouts <Xin are
simultaneously present in the string, a deadlock state occurs because in mem-
brane m; the rules defined over such symbols have mixed target indications.

If the application of a table in m; does not lead to a deadlock state, it means
that in membrane mi, one or more occurrences of X;,., for only one tar in
the set {here,in,out}, will be introduced in the string w’. We show that also
this situation is correctly simulated.

If the introduced symbols are Xyere, then in membrane m} the rule Xyere —
X¢(in) will introduce the symbol X; again, and the string is ready for a new
simulation of a table from m,.

If the introduced symbols are Xj,, then in membrane m; the rule X;, — X (in)
will introduce the symbol X again. If the string enters a membrane m; ;, then
the computation proceeds, otherwise no output will be produced because of
the introduction of { in any other membrane.

If the introduced symbols are X4, then in membrane m! the rule X,y —
X (out) will introduce the symbol X again, and the string will exit the current
membrane. In particular, if m] is the skin membrane of II', then no support
symbol will be introduced, the string will exit the system and, if it is a terminal
string, it will contribute to the output, otherwise it will be ignored.

Hence we can correctly simulate every computation in II by a computation in
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IT'; and it follows that L(II') = L(II).

(43i). The inclusion EParRP*((T),nD) C EParRPF((T), D) follows from
the definitions. From (i) we know that EParRPF((T), D) is included in
EParRPF((M), D), and from Theorem 3 in Besozzi et al. (2002A) (which
states that EPar RP*((M), D) = EParRPE*(M),nD)) it follows that

EParRP*((M), D) C EParRP*3((M),nD). So inclusion (74) holds. O

The following three equivalences can be proved by using, respectively, Corol-
lary 3 in Besozzi et al. (2002A) (which states that EParRP((M), D) =
EParRP(M),nD)), the definitions of parallel P systems and point (i) of The-
orem 5 and, lastly, point (i¢) of Theorem 5.

Corollary 6 EParRP((M),D) = EParRP((M),nD) = EParRP((T), D)
= EParRP((T),nD).

6 Final Remarks

We have considered several families of languages generated by parallel rewrit-
ing P systems, obtained by choosing different ways of rewriting strings and by
considering the possibility of having deadlock states or not.

We have shown that the family of languages generated by extended Linden-
mayer systems with tables is properly included in the family of languages
generated by maximally parallel P systems with deadlock.

We have proved that, in the case of symbol parallelism, the possibility of
having deadlock states does not modify the computational power of parallel
P systems; in particular, we have also shown how to construct a system of
depth 2 which does not have any deadlock state and is equivalent to a system
of depth 2 which can have, instead, deadlock states.

Moreover, we have compared the power of different parallelism methods. We
have shown that the family of languages generated by P systems with and
without deadlock and with a maximal parallel application of rules coincides
with the family of languages generated by P systems with and without dead-
lock and with table parallelism.

Several research topics remain to be investigated, for instance concerning com-
parisons with systems using parallelism methods not considered here (see Be-
sozzi et al. (2002A)), with or without deadlock, with different interpretation
of deadlock and, lastly, their relations with respect to Lindenmayer systems
or other language generating devices.
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