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Abstract. The original model of P systems with symbol objects intro-
duced by Gheorghe Piaun was shown to be computationally universal in
[12], provided that catalysts and priorities of rules are used. By reduc-
tion via register machines in [18] it was shown that the priorities may be
omitted from the model without loss of computational power. In [6] sev-
eral variants of P systems with catalysts (but without priorities) and the
number of catalysts needed for these specific variants to be computation-
ally universal were investigated and it was shown that for the classical
model of P systems with the minimal number of two membranes the
number of catalysts can be reduced from six (as proved in [18]) to five;
using the idea of final states (as introduced in [2] for P automata) the
number of catalysts could even be reduced to four. In this paper we are
able to reduce the number of catalysts again: Two catalysts are already
sufficient. For P systems with external output or extended P systems
we even need only one membrane and two catalysts. For the (purely)
catalytic systems considered by Ibarra only three (instead of seven, see
[9]) catalysts are already enough. Moreover, we show that two catalysts
are enough even with only one membrane for P systems generating or
accepting string languages, whereas three catalysts are sufficient again
for the purely catalytic variants with only one membrane, too.



1 Introduction

In the original paper introducing membrane systems (P systems) in [12] as a symbol
manipulating model catalysts as well as priority relations on the rules were used to
prove them to be computationally universal; in [18] it was shown that a priority rela-
tion on the rules is not necessary to obtain this universality result. In [6] the number
of catalysts was reduced by one for the variants of P systems with two membranes
considered there; moreover, the number of catalysts could even be reduced by one
more when considering computations reaching some finitely specified final states as
in the model of P automata introduced in [2] instead of halting computations. We
now will show that even two catalysts are already sufficient for all these variants.

If instead of putting the result of a computation into an ouput membrane we
send the result of a computation out into the environment, we obtain P systems
with external output for which two catalysts in only one membrane are already
enough. In extended P systems we specify a terminal alphabet and only consider
the terminal symbols contained in the skin membrane at the end of a successful
computation (in effect this means that we ignore the catalysts, which of course can
never be eliminated); again the skin membrane and two catalysts are sufficient.

In [9] Ibarra introduced (purely) catalytic P systems there claiming that seven
catalysts are sufficient if we only allow rules with catalysts; here we show that even
three catalysts are already enough. In addition, in this paper we also consider
P systems with external output (see [15]) as string generating devices as well as P
systems accepting string languages (P automata first were introduced in [2] as string
accepting devices); we prove that every recursively enumerable string language can
be generated/accepted by such P systems (computed by halting or by final state)
with two catalysts in only one membrane; moreover, we also introduce the purely
catalytic variants of these P systems generating/accepting string languages and we
prove that we only need three catalysts in one membrane.

In the following section, after some prerequisites from formal language theory,
we give a precise definition of the model of register machines used in the subsequent
proofs; moreover, we describe a special variant of counter automata that we use for
proving our results about P systems generating/accepting string languages. Then
we define the specific variants of P systems considered in this paper. In the further
parts of the paper we show how we can reduce the number of catalysts in P systems
with specific stopping conditions by using new proof techniques for simulating reg-
ister machines: We first prove our main results showing that every partial recursive
function f : Nf — Ng for vectors of non-negative integers can be computed by a
(halting) P system or by a P system with final states with two membranes and (at
most) a+ 2 catalysts; from these more general results we then derive the universal-
ity results for P systems generating and accepting sets of (vectors of) non-negative
integers. Using well-known results for two-counter automata we prove our universal-
ity results for P systems generating/accepting string languages. A short summary
finally concludes the paper.



2 Definitions

For well-known notions and basic results from the theory of formal languages, the
reader is referred to [3] and [17]. We only give some basic notations first. For
an alphabet V, by V* we denote the free monoid generated by V under the operation
of concatenation; the empty string is denoted by A, and V*\ {\} is denoted by V.
Any subset of V* (V) is called a (A-free) language. Two languages L, L' C V* are
considered to be equal if L\ {A\} = L'\ {A\}. Moreover, by Ny we denote the set of
non-negative integers and by Nf RE we denote the family of recursively enumerable
sets of f-vectors (y1,...,ys) of non-negative integers. Two sets of S-vectors are
considered to be equal if they only differ at most by the zero-vector (0, ...,0) .

Let m > 2 and let k,l be two positive integers not greater than m; then we

define:
-k for 1 > k
lemk'_{l—ker for | < k

2.1 Register Machines and Counter Automata

In this subsection we briefly recall the concept of Minsky’s register machine (e.g.,
see [11]). Such an abstract machine uses a finite number of registers for storing
arbitrarily large non-negative integers and runs a program consisting of numbered
instructions of various simple types. Several variants of the machine with different
number of registers and different instruction sets were shown to be computationally
universal (e.g., see [11] for some original definitions and proofs as well as [5], [7] and
[8] for the definitions and results we use in this paper).

An n-register machine is a construct
M = (n,P,i,h)
where

e 7 is the number of registers,

e P is a set of labelled instructions of the form j : (op (r),k,1), where op (r) is
an operation on register r of M, j,k,l are labels from the set Lab (M) (which
numbers the instructions of the program of M represented by P),

e 5 is the initial label, and
e h is the final label.
The machine is capable of the following instructions:
(A(r),k,l) Add one to the contents of register r and proceed to instruction

k or to instruction [; in the deterministic variants usually considered in the
literature we demand k = [.



(S(r),k,0) : If register r is not empty then subtract one from its contents and
go to instruction k, otherwise proceed to instruction [.

Halt : Stop the machine. This additional instruction can only be assigned to the
final label h.

In their deterministic variant, such n-register machines can be used to compute
any partial recursive function f : N§ — Ng ; starting with (nq,...,n,) € N§ in
registers 1 to a, M has computed f (n1,...,nq) = (71, ...,7g) if it halts in the final
label h with registers 1 to 3 containing r; to rg. If the final label cannot be reached,
f (n1,...,nq) remains undefined.

A deterministic n-register machine can also analyse an input (ni,...,n,) € N§
in registers 1 to a, which is recognized if the register machine finally stops by the
halt instruction with all its registers being empty. If the machine does not halt, the
analysis was not successful.

In their non-deterministic variant, n-register machines can compute any recur-
sively enumerable set of non-negative integers (or of vectors of non-negative integers).
Starting with all registers being empty, we consider a computation of the n-register
machine to be successful, if it halts with the result being contained in the first (3)
register(s) and with all other registers being empty.

The results proved in [5] (based on the results established in [11]) as well as in
[7] and [8] immediately lead us to the following results which differ from the original
results mainly by the fact that the result of a computation is stored in registers that
must not be decremented:

Proposition 1 For any partial recursive function f : N§j — N’g there exists a
deterministic (o + 2 + 3)-register machine M computing f in such a way that, when
starting with (ny,...,ne) € N§ in registers 1 to a, M has computed f (n1,...,nq) =
(r1,-..,7g) if it halts in the final label h with registers a + 3 to a + 2+ 3 containing
r1 to rg, and all other registers being empty; if the final label cannot be reached,
f (n1,...,nq) remains undefined.

The following two corollaries are immediate consequences of the preceding propo-
sition (by taking o = 0 and 8 = 0, respectively):

Corollary 2 For any recursively enumerable set L C Ng of vectors of non-negative
integers there exists a non-deterministic (B + 2)-register machine M generating L
in such a way that, when starting with all registers 1 to B + 2 being empty, M
non-deterministically computes and halts with n; in registers ¢, 3 <1 < 4 2, and
registers 1 and 2 being empty if and only if (ni,...,ng) € L.

Corollary 3 For any recursively enumerable set L C N§ of vectors of non-negative
integers there exists a deterministic (o + 2)-register machine M accepting L in such
a way that M halts with all registers being empty if and only if M starts with some
(n1,...,mq) € L in registers 1 to a and the registers a + 1 to a + 2 being empty.



For dealing with strings, we introduce the following (quite restricted) model of
an n-counter automaton, which can be seen as an n-register machine having an
additional input tape for the input string to be analysed; we assume this input tape
to contain the letters of the input string in the correct order followed by an arbitrary
(infinite) number of blank symbols B:

An n-counter automaton is a construct
M = (nazBaPai’h)
where

e 7 is the number of registers,

e > is the input alphabet and B is a special symbol not in ¥, ¥ =
{bi|1<t<s},s>1,

e P is a set of labelled instructions of the form j : (op(r),k,1), where op (r) is
an operation on register r of M, j,k,[ are labels from the set Lab (M) (which
numbers the instructions of the program of M represented by P), or of the
form j : (read, k1, ..., ks,1) , where j, k1, ..., ks, are labels from the set Lab (M),

e 4 is the initial label, and

e h is the final label.

As an n-register machine, an n-counter automaton is capable of the following in-
structions on its registers:

(A(r),k,l) Add one to the contents of register r and proceed to instruction k
or to instruction /; in the deterministic variant we demand k = [.

(S(r),k,l) - If register r is not empty then subtract one from its contents and
go to instruction k, otherwise proceed to instruction [.

Moreover, we again have the Halt-operation:

Halt: Stop the machine. This additional instruction can only be assigned to the
final label h.

In addition, we now also have operations on the input tape which allow for
reading the (letters of the) input string:

j: (read,kq,...,ks,l) : Read the symbol under the read-only head of the input
tape and move the read-only head of the input tape one position to the right;
if this symbol equals b;, 1 < ¢t < s, then go to instruction k;, otherwise (if the
read symbol equals B) proceed to instruction [.



Given a string w € X1, we say that M accepts w if and only if M, when started
with w on its input tape and all counters being empty finally halts in the final label.
Without loss of generality, we may assume that all counters are empty when M
halts; moreover, we also assume that after reading the first blank symbol B on the
input tape, M never accesses the input tape any more (because then only some more
blank symbols would be read). The string language L C £ accepted by M is the
set of all strings w € ¥ accepted by M.

(From the results proved in [11] we know that two counters are sufficient to
simulate the actions of a Turing machine, hence, the following result can easily be
derived even for the special model of n-counter automata defined above:

Proposition 4 For any recursively enumerable \-free string language L C T
there exists a (deterministic) 2-counter automaton M accepting L.

2.2 The Standard Model of P Systems and Variants

The standard type of membrane systems (P systems) has been studied in many
papers and several monographs; we refer to [1], [4], [12], [13], and [14] for motivation
and examples. In the definition of the P system below we omit some ingredients
(like priority relations on the rules) not needed in the following.

A P system (of degree d, d > 1) is a construct
II=(V,C,p,w1,...,wg,R1,...,Rq,i0),
where:

(i) V is an alphabet; its elements are called objects;
(ii) C CV is a set of catalysts;

(iii) p is a membrane structure consisting of d membranes (usually labelled with i
and represented by corresponding brackets [; and ];, 1 < < d);

(iv) w;, 1 < i < d, are strings over V associated with the regions 1,2,...,d of y;
they represent multisets of objects present in the regions of y (the multiplicity
of a symbol in a region is given by the number of occurrences of this symbol
in the string corresponding to that region);

(v) R;, 1 < i < d, are finite sets of evolution rules over V associated with the
regions 1,2,...,d of u; these evolution rules are of the forms a — v or ca —
cv, where ¢ is a catalyst, a is an object from V' \ C, and v is a string from
((V\ C) x {here,out,in});

(vi) 4, is a number between 1 and d and it specifies the output membrane of II.



The membrane structure and the multisets represented by w;, 1 <4 < d, in II
constitute the initial configuration of the system. A transition between configura-
tions is governed by the application of the evolution rules which is done in parallel:
All objects, from all membranes, which can be the subject of local evolution rules
have to evolve simultaneously.

The application of a rule v — v in a region containing a multiset M results in
subtracting from M the multiset identified by u, and then in adding the multiset
identified by v. The objects can eventually be transported through membranes due
to targets in and out (we usually omit the target here). We refer to [1] and [14] for
further details and examples. According to [9], the P system II is called catalytic, if
every evolution rule involves a catalyst.

The system continues parallel steps until there remain no applicable rules in any
region of IT; then the system halts. We consider the number of objects from V
contained in the output membrane i, at the moment when the system halts as the
result of the underlying computation of II. The set of results of all computations
possible in IT is denoted by N (II). The class of all sets of S-vectors (yi,...,yg)
of non-negative integers computable by P systems (as the numbers of 3 different
symbols to be found in the output membrane i at the end of halting computations)
of the above type with d membranes and the set of catalysts containing at most m
elements is denoted by

NP OP yep, (d, caty, halt) .

We may relax the condition that the output membrane has to be an elementary
membrane where all the elements found there at the end of a halting computation
count for the result of this computation; instead, we may specify a set of terminal
objects ¥ and only count the number of the £ different symbols of ¥ to be found in
any specified output membrane at the end of halting computations; in that way, we
obtain extended P systems of the form

n=(V,%,C,u,wi,...,wg,Ry,...,Rgq,10)

and the class
NOﬂEPgen (d, catm, halt) .

In addition to these generating membrane systems we may also consider accept-
ing P systems where the multiset to be analysed is put into region iy together with
w;, and accepted by a halting computation. The classes of all sets of g-vectors
(y1,..-,yg) of non-negative integers accepted in that way by halting computations in
P systems of these types with d membranes and the set of catalysts containing at
most m elements are denoted by

NP OP .. (d, catpn, halt) and NEEP ., (d, catp, halt) .
In [2] accepting P systems were introduced as P automata using finite states as

accepting conditions, i.e., instead of the halting condition an input is accepted if
the P system reaches a configuration where the contents of (specified) membranes



coincides with the multisets given by a finite state. In more detail, for a P system as
defined above a final state over V is of the form (fi, ..., f4) where each f;, 1 < < d,
either is a final multiset over V or (a special symbol denoted by) A; then the P
system accepts its input (given in ig) by this final state if during the computation
a configuration is reached such that the contents of every membrane ¢ with f; # A
coincides with f;. The special symbol A indicates that we do not care about the
contents of membrane i if f; = A. Hence, a P system with final states is a construct
of the form
II= (V,C,u,wl,...,wd,Rl,...,Rd,io,F),

where V,C, p,w1,...,wq, R1,...,Rq,1, are defined as above and F' is a finite set
of final states over V. The class of all sets of S-vectors (y1,...,yg) of non-negative
integers accepted in P systems with d membranes and the set of catalysts containing
at most m elements by computations reaching a final state is denoted by

NéB OP 4. (d, caty,, final state) .

Yet the idea of final states can also be carried over to generating P systems, i.e.,
a P system with final states as above can be used as a generative device, too; instead
of considering the contents of the output membrane %y in halting computations we
consider the contents of the output membrane 7y in computations having reached a
final state (f1, ..., f4) (obviously, in general we must have f;, = A). Then the class of
all sets of B-vectors (y1, ..., yg) of non-negative integers generated in P systems with d
membranes and the set of catalysts containing at most m elements by computations
having reached a final state is denoted by

NéB OP yen, (d, catp, final state) .

Considering extended P systems with final states of the form
= (VaZaC,/j’awl,-"awdaRla"' ,RdaiOaF)a

where again we only take into account the terminal symbols in the specified mem-
brane %, we obtain the corresponding classes

N(SBEPMC (d, catm, final state) and NOﬂEPgen (d, catp, final state) .

If in the variants of P systems defined above only catalytic rules are used, we
add the superscript cat thus obtaining the classes

Noﬂ OP$¢ (d, catm,Y), X € {gen,acc}, Y € {halt, final state}
and

NéBEPf;?t (d, caty,,Y), X € {gen,acc}, Y € {halt, final state}.

We also consider variants of P systems for generating or accepting string lan-
guages:



A P system (of degree d, d > 1) with external output is a construct
n=(V,2,C,p,wy,...,wg,R1,...,Ryq),

where all ingredients of P except for ¥ are defined as in the definition of the P system
at the beginning of this subsection, X is the input alphabet, X N C = (); yet we omit
the output membrane, and instead, we consider the sequence of symbols sent out
during a halting computation as the generated string(s) (if more than one symbol
is sent out in one step of the computation, every permutation of these symbols is
taken as part of a generated string). The class of all languages C T generated by
P systems of the above type with d membranes and the set of catalysts containing
at most m elements is denoted by

Pyen (d, caty, halt) .

A P system (of degree d, d > 1) with external output and final states is a construct
of the form
II= (V:E,C,M,’lﬂl,...,wd,Rl,...,Rd,F),

where V.3, C, u, w1, ..., wq, Ry, ..., Rq are defined as above and F is a finite set
of final states over V. We now consider the sequence of terminal symbols sent out
during a computation having reached a final state as the generated string(s). Then
the class of all languages C T generated by P systems with external output and final
states having d membranes and the set of catalysts containing at most m elements
is denoted by

Pyer, (d, caty,, final state) .

We now also consider accepting P systems analysing a sequence of letters taken
from the environment during a halting computation or during a computation stop-
ping by reaching a final state:

A P automaton (of degree d, d > 1) with final states is a construct of the form
II = (V,E,C,/jl,’wl,...,wd,R1,...,Rd,F),

where V., %, C, p, w1, ...,wq, R1,...,Rq, F are defined as above for P systems with
external output and final states, only the catalytic rules in the skin membrane may
also contain the target indication come for terminal symbols, i.e., they are of the
form ca — cv, where c is a catalyst, a is an object from V'\ C, and v is a string from

((V\ C) x {here,out,in}) U (X x {come}))".

The target indication come (compare with the P systems introduced in [19]) for a
terminal symbol b; means that such a symbol is taken in from the environment (in
some sense like reading it from an external input tape).

We now consider the sequence of terminal symbols taken in from the environment
during a computation having reached a final state as the accepted string(s). Then



the class of all languages C X7 accepted by P automata with final states having d
membranes and the set of catalysts containing at most m elements is denoted by

Py (d, caty,, final state) .

If we again consider halting computations instead of computations reaching a
final state, we obtain a P automaton (of degree d, d > 1) as a construct of the form

II = (V,E,C,u,wl,...,wd,Rl,...,Rd),

where V.3, C, u,w1,...,wq, R1,...,Rq are defined as above for P automata with
final states, we only omit the set of final states. Then the class of all languages
C YT accepted (in halting computations) by P automata having d membranes and
the set of catalysts containing at most m elements is denoted by

P (d, catm, halt) .

If in the variants of P systems and P automata defined above only catalytic rules
are used, we add the superscript cat thus obtaining the classes

P (d, caty,,Y), X € {gen,acc}, Y € {halt, final state} .

All the (catalytic) P systems with external output as well as the (catalytic)
P automata taking their input from the environment as defined above can also
be considered as devices for generating/accepting sets of (vectors of) non-negative
integers by interpreting the strings as representations of these (vectors of) non-
negative integers; in that way we obtain the classes

NOﬂIPX (d, caty,,Y), X € {gen,acc}, Y € {halt, final state}

and
N(SBIPS?t (d, caty,,Y), X € {gen,acc}, Y € {halt, final state}.

3 Universality Results

In order to prove the main results of this paper we elaborate a more general result
using Proposition 1 that any partial recursive function f : N§ — Ng can be com-
puted by a P system (halting or with final states) with only two membranes and
with only a + 2 catalysts.

3.1 P Systems for Partial Recursive Functions

For a register machine M with m registers, m > 1, let P be the program for M with
n instructions 1, 4o, ..., i, computing f. Informally, each register a is represented
by objects o, playing the roles of counter elements. The value of register a at each
moment corresponds to the number of symbols o, in the system.

10



There are also special objects pj, 1 < j < n; they play the role of program
labels and their marked variants guide the simulation of the instruction labelled by
pj within the P system. The presence of the marked variants p§-h’1), 1< h<m,of
the object p; - for each catalyst there has to be such a marked variant to keep it
busy - starts the sequence of operations corresponding to the instruction j. For every
register not representing an output value (where according to the result stated in
Proposition 1 conditional decrementing may be necessary), in contrast to the proofs
given in [18] and then in [6] we now need only one catalyst, because we use the
concept of “paired catalysts”: Together with the catalyst ¢, associated with register
a we also associate (“pair”) another catalyst (we shall take cqg,,1) which together
with ¢, will do the correct simulation of an instruction j : (S (a),k,l) € P in
four steps; the remaining catalysts c,o,,n With 2 < h < m are occupied by the

marked variants of pj, p(-h’l), 1 <1 < 4, during these four steps, and the p§-h’4>

J
eliminated in the fourth step, before in the next step the new multiset pil’l) ...p;m’l) or

pl<1’1)...pl(m’1) of (marked) program labels appears. The simulation of an instruction
j : (A(a),k,k) € P needs only one step. Finally, if the multiset pg’n...p%m’l)
representing the final label n appears, these objects are also eliminated in one step,
whereafter the computation halts if and only if it has been successful, i.e., no trap
symbol # is still present (after having been generated during the simulation of some

subtract-instruction).

are

Theorem 5 For each partial recursive function f : Nf — Ng there is a P system
In= (V7 Ca [1 [2]2]1, w, >‘a Ra wa 2)

with at most o + 2 catalysts and with the objects o, € V satisfying the following
conditions: For any arbitrary (z1, ...,z,) € N§, denote

H(wl,...,wa) = (V7 Ca [1 [2]2]15 wo:fl ---Osocza 3 A’ R’ @, 2) .

The system Wy, 5.y can halt if and only if f (x1,...,Ta) is defined, and if it halts,
then in the skin membrane only the catalysts remain and in the output membrane 2
only terminal symbols 0443 to 0q12+p8 appear in such a way that

N (Mg, ) = {F (@100}

Proof. Consider a (deterministic) register machine M as defined above with m’
registers, the last 8 registers being special output registers which are never decre-
mented. (From the result stated in Proposition 1 we know that m' = a+ 2+ f is
sufficient). Now let m = m/— 3 and let P be a program which computes the function
f such that the initial instruction has the label 1 and the halting instruction has
the label n. The input values z1,...,z, are expected to be in the first « registers
and the output values from f(z1,...,z,) are expected to be in registers m + 1 to
m'. Moreover, without loss of generality, we may assume that at the beginning of a
computation all the registers except eventually the registers 1 to « contain zero.

11



We construct the P system

= (Va Ca [1 [2]2]1,“}, >‘7 Ra (Z)a 2)

where
V = {#}U{c,d, l|1<z<m}U{ok\1<k<m'}U
{11 <n<mlu{p™ | 1<h <m, j:(A(a) k) € P}U
PV 1 1<h<m, j:(S(a), k1) € P}U
[P 12<h<m, 1<1<4, j:(S(a), k1) € P}U
{9525, ) ) 03 9 9| 5 (S (a) k1) € P},
C = {c¢l|l1<i<m},
w = (1’1>... (m’1>,
R = a;—>#|w€V\(CU{ok|1<k<m’}U{p§,;ﬁ;|j:(S(a),k,l)GP})}U

(h1)

cl
{Cmem Pn emh|1ShSm}U
{Cmempj = Cmenh | 1<h<m,1<a<m,

j:(A(a),k, k) € P}U

{cmpyn’ ) e p<1 1>...p§cm’1)oaL |1<a<m, j:(A(a),k, k) € P} U
{Cmp§m D e p<1 1>...p§€m’1) (0g,in) | M < a <m/,
j:(A(a),k,k) € P}U

(hyl+1)

{Caemhpj = CaophPj | 2<h<m, 1<a<m,
1<1<3, ] (S (a),k,l) e P}U
{Caemhpj — Caoph | 2<h<m,1<a<m, j: (S(a),k,l)EP}U

Cap] ) Capjp], Cap§ s Caﬁjﬁé‘ﬁg,

!
CaOa = CaCly, CaCly — CaClyy Cacm1Ch — Caom1,

7 A A1 Al (1,1) (m,1)
CaPj — ca#,caemmj = Caom1Pj,Calj > CaPy Pp s

CaPj — Cay Caop, 1139'1 — CaOp, 1p3',7 Caom 1p_,7'l — Ca@mlp;"
1,1 1 .
Cap9—>CaPl< )_"pl(m )| 1<a<m, ]:(S(a),k,l)EP}U

1,1) .
{caemly — Caom1 | Y € {p§- ),pj,pg-} ,1<a<m,
j:(S(a),k,l) € P}.

Then for an arbitrary (z1,...,z4) € N§ the axiom of the corresponding system

H(wl,...,wa) iS

(1,1) (m,1) x T
Cl...Cmpi opy o7t .. 002

12



The contents of register a, 1 < a < m, is represented by the sum of the number
of symbols 0, and conditional decrementing actions on this register are guarded by
the pair of catalysts ¢, and cqg,,1-

The set of rules R depends on the instructions of P; the halting instruction as well
as each add-instruction is simulated in one step, whereas each subtract-instruction
is simulated in four steps; in more detail, the simulation works as follows:

1. Every simulaion of a rule starts with the program labels p11’1>, ...,p§m’1). The

halting instruction eliminates the final labels pﬁlm), e p%m’l) by using the rules

cm@mhp%h’1> — Cmonh, 1 < h < m; if the computation has been successful,
then only the catalysts remain in the skin membrane, whereas the result of
the computation, i.e., the number of symbols 0,11 to 0,45, can be found in

the output membrane 2.

2. Each add-instruction j : (A (a),k,k) € P, 1 <a <m (m < a < m/, respec-

tively) is simulated in one step by using the catalytic rules cmemhp;-h’1> —

Cmemh, 1 < h < m, as well as cmp§-m’1> — cmp,il’n...p,(cm’l)oa (cmp§-m’1> —
cmpg’1>...p§cm’1> (0q4,1n) , respectively, i.e., if a is the index of a register repre-

senting a component of the result vector of the computation, then the symbol
0q 1s immediately moved to the output membrane 2). Observe that by defini-
tion a ©,, m = a for all a with 1 < a < m.

3. Each subtract-instruction j : (S (a),k,l) € P is simulated in four steps. We
have to distinguish between two cases depending on the contents of register a;

in both cases the catalysts cq4g,,1, 2 < h < m, are busy with the objects p§-h’l),

1 <1 < 4; the objects p§-h’4> finally are eliminated in the fourth step. The
main part of the simulation is accomplished by the catalyst ¢, and its “paired
companion” cug,,1:

(a) We non-deterministically assume that the contents of register a is not

empty; we start with the rules cap§-m’1> — caﬁjﬁ;- and ca@mlp;-l’l) — Caom1-
In the second step, the number of symbols o, is decremented by using the
rule ¢,04 — ¢qCl; if in contrast to our choice, no such symbol o, is present
(i.e., the contents of the register represented by the number of symbols
0q is empty), then by the enforced application of the rule caﬁ; = CoH
the trap symbol # is introduced, which causes a non-halting computation
due to the rule # — #. If ﬁ; could wait until being used in the third step
by the rule cu0,,19; — Cao,,15;, then the simulation will be successful:
In the second step, c4o,,1 is used in the rule c,0,,19; — Cao,,1, and in
the third step ¢, is used in the rule c,c, — c4cl). We finish with the

" <171>“.p§cm11>

application of the rules c,p; — copy, and c¢g0,,1C) = Caoy1-

(b) For the other case, we non-deterministically assume that the contents
1) 1 =1

of register a is empty; we start with the two rules capjm = CaPjP;P;
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and cqe,, 1 p<-1’1) — Ca0,,1- In the second step, we are forced to use the two

rules c,pj — ¢, and ¢ap,,1P] —* Cag,,1P; in order not to introduce the trap

symbol #. In the third step, we only use cuo,,1P] — Cao,,19} and finish

with applying the two rules c,p; — capl<1’1)...pl<m’1) and ¢5,,1P; —* Cagm1

in the fourth step. In the third step the catalyst ¢, is not used if our
non-deterministic choice has been correct, i.e., if there is no symbol o,
present in the skin membrane; otherwise, the rule c 0, — ¢,c, has to be
applied in the third step, but in this case both ¢/, and p;- would need the
catalyst ¢, in the fourth step of the simulation in order not to be sent to
the trap symbol #.

Any other behavior of the system as the one described above for the correct
simulation of the instructions of P by the rules in R leads to the appearance of the
trap object # within the system, hence, the system never halts.

It follows from the description given above that after each simulation of an
instruction the number of objects o, equals the contents of register a, 1 < a < m/.
Hence, after having simulated the instruction Halt and halting the system, the
number of symbols 0,11 to 05,45 in the output membrane 2 equals the output
of the program P. The only other objects remaining within the system are the m
catalysts in the skin membrane; according to the result about register machines
stated in Proposition 1, m = a + 2 and therefore a + 2 catalysts are enough. 0

For P systems with final states, we can immediately take over the construction
given in the preceding proof:

Corollary 6 For each partial recursive function f : N§ — Ng there is a P system
with final states
HF == (‘/, C, [1 [2]2]1, w, A, R, @, 2, F)

with at most a + 2 catalysts and with the objects o, € V satisfying the following
conditions: For any arbitrary (1, ...,2,) € N§, denote

.m0y = V2 G, lil2)a]i, wol' ..o, A\, R, 0,2, F) .

The system Hf;l,---,wa) reaches a final state if and only if f (z1, ..., o) is defined, and
in the final state the output membrane 2 contains only terminal symbols om+1 to
Om+g i such a way that

N <Hf;1,---,wa)) ={f(x1,-,za)}-

Proof. The only difference to the P system constructed in Theorem 5 is that we
have to define the final state for successful computations, which simply is the con-
tents of the skin membrane at the end of a halting computation, i.e., cj...cp.
Hence, taking F = {(c1...¢m,A)} we obtain the P system with final states IT' is
(IL,{(c1 ... ¢m, A)}), where IT is the P system constructed in the proof of Theorem 5.

O
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In catalytic systems we only need one more catalyst for the rules handling the
trap symbol #:

Corollary 7 For each partial recursive function f : N§ — Ng there is
1. a halting catalytic P system

% = (VU {eo},CU{co},[1[2]2)1,w, X, R, 8,2)

2. a catalytic P system with final states
HCF = (V u {CO} 70 u {CO} ) [1[2]2]15 w, Aa RCa ®’ 25 F) )

respectively, with at most o + 3 catalysts and with the objects o, € V satisfying the
following conditions: For any arbitrary (z1,...,z4) € N§, denote

1. Hffh___’%) = (VU{a},CU{c},[i[2]2]1,wol*...0%, A\, Rc, 0,2) and
2. Hgfl;...,-’ﬂa) = (V U {CO} ) Ccu {CO} 3 [1 [2]2]1’ woﬂlvl"'ogav’\a Rc, @, 2, F) s

respectively. The system

1. TI¢H ) halts,

(z1,.
2. Hffh___,xa) reaches a final state,
respectively, if and only if f (z1,...,24) is defined, and
1. in the halting computation or

2. in the final state

respectively, in the skin membrane only the catalysts remain and the output mem-
brane 2 contains only terminal symbols 0,11 to oyt g in such a way that

N (Hfg,...,za)) =N (H&i,...,za)) = {f (iL‘l,...,:L‘a)}.

Proof. The rules in R¢c are obtained from the rules in R constructed in the proof of
Theorem 5 by just replacing the rules in

{z=#1zev\(Cu{ppli:(S(a),ki)ePhuio|1<k<m})}
with the rules in
{eom = cott |z € V\ (CU{}. 5| 5+ (S(a), k1) € Py U o | 1<k <m'})}
using the additional catalyst cg. 0

In P systems with external output and in extended P systems we do not need
the additional output membrane, i.e., a + 2 catalysts (« + 3 catalysts in catalytic
systems) in the skin membrane are sufficient:

15



Corollary 8 For each partial recursive function f : Ny — Ng there is

1. a (halting) P system with external output
° = (V,%,C, [1]1,w, Ro)
with at most o + 2 catalysts,
2. a P system with external output and final states
°F = (V,%,C, [1]1,w,Ro,{c1...cm})
with at most o + 2 catalysts,
3. a catalytic (halting) P system with external output
I°“ = (VU {c},%,CU{e},1]1,w,Ro)
with at most a + 3 catalysts,
4. a catalytic P system with external output and final states
OF = (VU {},%,CU{co}, 1]1,w, Ro, {coci - .. cm})
with at most a + 3 catalysts,

respectively, with ¥ = {og | m+1 <k <m + B} and the objects o, € V satisfying
the following conditions: For any arbitrary (1, ...,24) € N§, denote the correspond-
ing P system by

1. H?J;l,...,za) = (V,%,C, [1]1,woit...0%, Ro),

2. QY .y = WZ,C [, wol"...0f*, Ro, {c1 ... cm})

3. fooh___’ma) =(VU{cx},EZ,CU{co},[1]1,wol"...0%*, Ro),

4 WET = (VU{e},Z,CU{co}, i, woi...0f, Ro, {coct - em})
respectively.

1. chl,---,:ca) halts,

2. TI¢© 7o) halts,

(z1,e..

3. chlf___ za) reaches the final state ¢y ... cp,

4 HcOF

T L e reaches the final state cocy . . . Cpm,
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respectively, if and only if f (x1,...,%4) s defined, and after halting the computation
or after having reached the final state, respectively, in the skin membrane only the
catalysts remain and the terminal symbols oy11 to omip are sent out during the
computation in such a way that

N(HG ) = {f (z1,...,za)} for G € {O,0F,cO,cOF}.

($1,...,$a)

Proof. The rules in Rp are obtained from the rules in R constructed in the proof
of Theorem 5 (and Corollary 6) as well as from the rules in R constructed in the
proof of Corollary 7 by just replacing each occurrence of (04,in) by (04,0ut).

Corollary 9 For each partial recursive function f : N§ — Ng there is
1. an extended (halting) P system
¥ = (V,%,C, 1]1,w, Rg)
with at most o+ 2 catalysts,
2. an extended P system with final states
n°" = (V,%,C, 11, w, Re, {c1 ...cm})
with at most a + 2 catalysts,
3. a catalytic extended (halting) P system
e = (Vu{ce},%,CU{c}, ], w, Rg)
with at most a + 3 catalysts,
4. a catalytic extended P system with final states
CF = (Vu{e},,CU{c}, 1], w, Re, {coct - . . cm})
with at most a + 3 catalysts,

respectively, with ¥ = {ox | m+1 <k <m + B} and the objects o, € V satisfying
the following conditions: For any arbitrary (z1,...,z4) € N§, denote the correspond-
ing P system by

1. H(E"'CI:...,CCa) = (V,%,C, 1)1, woi...o5*, Rg),
2. H(E;Il?,...,wa) = (‘/’ Ea Ca [1]1’ UJOTI "'nga 3 REa {Cl s Cm}) )
3. Hgfl,...,ma) = (V U {CO} ; Z’ cu {CO} 3 [1]17 wo:fl "'ania’RE) ;

4. ngEf.--,wa) = (V U {Co} y E, cu {C()} ) [1]1, ’11105181 ...Og"‘,RE, {0061 “e Cm}) y
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respectively.

1. TIE ) halts,

(z1,e..

2. TI¢F ) halts,

(z1ye-

3. Hg’? za) reaches the final state cq ... cp,
4. Hgle ) reaches the final state cocy ... Cm,

respectively, if and only if f (z1,...,x4) is defined, and after halting the computation
or after having reached the final state, respectively, in the skin membrane only the
catalysts and the terminal symbols om 11 to oy remain in such a way that

N (chh___,wa)) = {f (1, ..,7a)} for G € {E,EF,cE,cEF}.
Proof. The rules in R are obtained from the rules in R constructed in the proof
of Theorem 5 (and Corollary 6) as well as from the rules in R¢ constructed in the

proof of Corollary 7 by just replacing each occurrence of (04,in) by 0, (which in fact
means (0g, here)). 0

3.2 Generating P Systems

The following corollaries are immediate consequences of Theorem 5 as well as Corol-
laries 6, 7, 8 and 9 by taking o = 0.

Corollary 10 NOB OP gen (d, cato, halt) = NOﬁRE for every d > 2.

Proof. We only have to prove the inclusion N(SB RE C N(SB OP gen (2, cata, halt) . In the
same way as in the proof of Theorem 5 the P system II was constructed in order to
simulate the (deterministic) register machine from Proposition 1, we now construct a
P system IT" which simulates the non-deterministic register machine from Corollary 2
and in that way non-deterministically generates a representation of any vector from
the given language L in NéB RE by the corresponding numbers of symbols 03 to 0z .
Hence, let us define

I = (V, C, [1 [2]2]17 w, Aa RI’ ®5 2)

where R’ is constructed in a similar way as R in the proof of Theorem 5, except
that now in the non-deterministic case we have add-instructions of the form j :

(A(a),k,l) for some a,k,l with a € {1,2} and 1 < k,l < n; for their simulation
(m,1) (1,1) (m,1) (m,1)

we now not only need the rule Cmp; = Cmpy, " .py, ' 0q, but also Cmpj -
cmpfl’l)...pfm’noa in R'. Obviously, N (II') = L. By the given construction, we only

need 2 catalysts!

As the result is interesting of its own, we completely specify IT'; as only two
catalysts are needed, we can use a less complex notation, because these two catalysts
form the only pair used in the simulation of any subtract-instruction, i.e., we do
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not need the objects p§-h’l), 2 < h<m,1 <[ <4, for the subtract-instructions
Jj : (S(a),k,l) € P. Using p; and p; instead of p§-m’1) and p<-1’1)

we obtain the
¥l 7
following P system II':

Vo = {#Uu{ea,d,d,e,d, 64 U{o| 1 <k<m'}U
{pjaﬁjap‘lylaﬁjap‘,j,ﬁ_ljlaﬁjaﬁ‘,jaﬁ‘,y!| .7 : (S (a) ’k,l) € P}U
{pj:pj| j:(Ala), k1) € P},

- {01502}5
w = c1c2p1pi,
R = {o—# |z € {ppsp} 550501 3 : (S(a) k1) € P}}U

{# — #}U{cipn — c1,¢0pn — 2} U
{c1pj = c1| j:(A(a),k,l) € P}U
{capj — coprProa; c2pj — copiPioa |

a€{1,2}, j:(A(a),k,l) € P}U
{copj = copiPk (04,in) |2 <a <m/, j: (A(a),k,k) € P}U
{Capj — CaPjbs CaPj = CaDiD;P}

Ca0q —> Calhyy CaClh = CaCh C3 oCh — C3_q,

oy = CaFty C3—aD; — C3—aD},CaD] — CaPkDk;

CaPj — Cas C3—aPj — C3—aPj>C3—aPj —> C3—aPjs

cably = capify | @ €{1,2}, j: (S (@), k,1) € P} U

{03—(11/ — C3—q | Y€ {ﬁ]aﬁ]aﬁ;} ,a € {172}5
i (S(a), k1) € P}

The following table shows how a subtract-instruction j : (S (a) , k,l) € P is simu-
lated depending on the contents of register a; the rules in the brackets (<ca;13;- — ca#>

as well as (c,0, — ¢4cl) and  (c3_403—q —> c3—qC5_,)) are those which should not
be applied at that stage of the simulation; their application (only the application of

the rule <caﬁ;- — ca#> may even be forced due to maximal paralellism) leads to the
introduction of the failure symbol # (directly or one step later) and therefore to a
non-halting computation.
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simulation of the subtract-instruction j : (S (a), k,1) if
the contents of register a is not empty the contents of register a is empty

CaPj — Caﬁjﬁ;' CaPj — Capjﬁ;'ﬁ_ljl
C3—aPj —* C3—q C3—aPj —* C3—q
CaOaq — Caczz CaPj — Cq

<Caﬁ;' - Ca#>
C3—aPj = C3-a C3—aPj = C3—alj

CaClh = CoCll
(cq0a = Cacly)

C3—aﬁ§' - C3—aﬁ;'l CS—ap;'l — CS—ap;'
<C3—a03—a — C3—acé’,_a>

caﬁ;'l — CaPkDk Cap;' — CaPIDL

CsfaCZ — C3—q C3—aﬁ3’ — C3—¢q

<C3fa03fa — C3*acg—a>

We should like to mention that at any time ¢, can be used in the rule c,0, — ¢4},
but carried out at the wrong time, the application of this rule will immediately cause
the introduction of the trap symbol #. 0

Corollary 11 Nég OP ger, (d, caty, final state) = NéHRE for every d > 2.

Proof. In the same way as in the proof of Corollary 6 the P system II¥ was con-
structed from the P system II constructed in the proof of Theorem 5 we now can
construct the P system with final states generating a set L € Noﬁ RE from the P
system constructed in the proof of Corollary 10. O

Obviously, the results obtained so far are optimal with respect to the number of
membranes in the P systems constructed in the proofs of Theorem 5 and Corollaries 6
to 11. As far as P systems generating sets from Noﬂ RE are concerned we should like
to recall the fact that without priorities as well as without catalysts, too, we can
generate only regular sets. Hence, only the case of such P systems with one catalyst
needs further investigations.

For catalytic P systems, in [9] it was proved that with one catalyst we cannot
reach universal computational power; hence, only the case of two catalysts in cat-
alytic P systems remains for a suitable characterization, because from Corollaries 10
and 11 we immediately infer the following results (in the same way as Corollary 7
was an obvious consequence of Theorem 5 and Corollary 6):

Corollary 12 For every d > 2, we have

N/RE N OP% (d, cats, halt)

gen

= Noﬂ OP<% (d, cats, final state) .

gen
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The proofs of the following results immediately follow from preceding proofs, too
(see Corollaries 8 and 9):

Corollary 13 For every d > 1, we have
NPRE = NEXPgen(d, caty, Y)
= N{XP (d, cats, V)

for every X € {O,I} and Y € {halt, final state}.

3.3 Accepting P Systems / P Automata

The following corollaries are immediate consequences of Theorem 5 as well as Corol-
laries 6, 7, 8 and 9 by taking 8 = 0. Although for P automata we now have the
minimal number of only one membrane, the number of catalysts depends on the
number « of components of the vector of non-negative integers to be analysed.

Corollary 14 For every d > 1, we have

N{RE = N{XPge(d,catora, Y)
= N§XP (d,catoys, Y)

acc

for every X € {O,E, I} and Y € {halt, final state} .

Proof. We first prove the inclusion N§* RE C N§*OP 4cc (1, cato+2, halt). In the same
way as in the proof of Theorem 5 the P system there was constructed in order to
simulate the (deterministic) register machine from Proposition 1, we now construct
a P system which simulates the (deterministic) register machine from Corollary 3.
As we have no output, we simply can omit the output membrane; moreover, we have
no rules sending an object into another membrane. The rest of the construction is
exactly the same as in Theorem 5.

For the remaining variants of accepting P systems and P automata we only refer
to the proof ideas elaborated in the preceding proofs. 0

For the simplest case of o = 1, therefore the maximal number of catalysts needed
for accepting languages from N§*RE by P systems is 3 and by catalytic P systems
is 4.

3.4 P Systems Accepting/Generating Strings

Theorem 15 For every d > 1, we have

IS8

RE = Py (

Pacc(
Pgen(
= Pacc(

, cato, halt)

, cata, halt)

, cato, final state)
, cata, final state) .

o, &

[SH
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Proof. We first prove the inclusion RE C Py, (1, cato, halt) . In the same way as in
the proof of Corollary 10 we simulated the operations on the two registers allowing
for decrementation we now simulate the operations on the two counters of the 2-
counter automaton from Proposition 4

M = (nazBaPai,h),
where ¥ = {b; | 1 <t < s}, s > 1. Hence, let us define
= (V,Z,{Cl,CQ},[l]l,’w,R, (Z))

where R is constructed in a similar way as R’ in the proof of Corollary 10, except
that now we also have to consider instructions of the form j : (read, ki, ..., ks,1),
which are simulated (in a non-deterministic way) by the following rules:

clﬁj — (1,
Copj — CoDk P, (b,out) , 1 <t < s,
Copj — CoPiPi-

In sum, we obtain the following P system with external output II:

V = {#}U{e,d,d e, cy, i} U{o1,00} U
{23255, 5> Do B0 5 85,0 | 5 (S (@) , K, 1) € PJU
{pj, ;1 j:(A(a),k,l) € PYUEU{B},
= {e, 2},
w = c1¢p1p1,
R = {z—=#|zeV\(CU{on0} U{p,. 5| i (S(a),k1) € P})}uU
{e1pn = c1,¢0pn = 2} U
{c1pj = c1| j:(A(a),k,l) € P}U
{capj — coprPrOa, c2pj — C2P1P104 |
a€{l,2}, j:(A(a),k,1) € P}U
{Capj — CaPjPis CaPj = CaDiD;D; s
Ca0q = CaClyy CaCly —> CaChyC3—aCh — C3—q,
Cabj = Catt, C3—aP; = C3—aP}, Cal] —> CaPkPk;
CaDj —* Ca,C3—aDj —* C3—aP,C3-aPj —* C3—aP}s
cap; = capipi | @ € {1,2}, j: (S (a),k,l) € P}U
{63—ay —c3a|yE {ﬁjaﬁjaﬁ;} ,a € {1,2},
j:(S(a),k,1) € P}U
{a1pj = c1| j: (read, ki, ..., ks,1) € P}U
{copj = cop, Pk, (b, 0ut) | j: (read, ki, ....,ks,1) € P, 1 <t <s,}U
{copj = copipi | j : (read, ky, ..., ks, 1) € P}.
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For the corresponding accepting P systems (P automata) we simply have to
replace the rules
Cij — CQPktﬁkt (bt7 O’U,t)

by the corresponding rules

! / ~
copj — capyy (be, come) , cop; — Cop, Py, 10t — c1,

which proves RE C P, (1, cato, halt) ; of course, we have to add the new symbols
Pl to V.

For the corresponding P systems with external output and final states and for the
corresponding P automata with final states we use the final state cjce, which imme-
diately proves RE C Pyep (1, cata, final state) and RE C P, (1, cato, final state).

O

For the catalytic variants we need one more catalyst (compare with Corollary 7):
Corollary 16 For every d > 1, we have

RE = P (d, cats, halt)
P& (d, cats, halt)
(
(

= P (d, cats, final state)

gen
Pt (d, cats, final state) .

acc

Proof. As in the proof of Corollary 7 we replace the rules in
1 Al .
{z=#1zev\(CU{on0} U{p. i (S(a),k 1) eP})}
in the sets of rules constructed in Theorem 15 with the rules in
{eoz = cott |z € V\ (CUfor,00} U{B} 5| 5 (S(a) k1) € P})}

using the additional catalyst cp. 0

4 Conclusion

The number of catalysts used in the P systems constructed in the proofs of this paper
can be seen as a complexity measure for these systems. Only the characterization of
functions computed or sets generated /accepted by the variants of P systems consid-
ered in this paper having one catalyst less remains as an interesting open question
for future research; yet we conjecture that for computationally universal P systems
the results obtained in this paper are already optimal not only with respect to the
number of membranes, but also with respect to the number of catalysts.

In [10], the bounds for the number of catalysts and/or membranes were tried
to be improved (with respect to the optimal results known before this paper) by
introducing more powerful types of catalysts like so-called bi-stable catalysts and
mobile catalysts. The authors showed that a P system can generate all recursively
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enumerable number sets using (a) five membranes, two catalysts and one bi-stable
catalyst, (b) three membranes and one mobile catalyst, (c) two membranes and two
mobile catalysts. From these results, case (a) has become obsolete by the results
obtained in this paper, whereas case (b) may give a chance for improving this result
for mobile catalysts. Moreover, using only one catalyst in several membranes is
another interesting case to be investigated.
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