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Abstract

In the basic variant of P systems, membranes are used as separators and as
channels of communication. Other variants, introduced to obtain more “realis-
tic” models, consider membranes with different features: membranes of variable
thickness, electrically charged membranes and active membranes (membranes
can be divided in two or more membranes). These features are not only useful
to obtain “realistic” models: we show how we can use them to get simpler and
faster models.

1 Introduction

The P systems were recently introduced in [6] as a class of distributed parallel com-
puting devices of a biochemical type.

The basic model consists of a membrane structure composed by several cell-
membranes, hierarchically embedded in a main membrane called the skin membrane.
The membranes delimit regions and can contain objects. The objects evolve accord-
ing to given evolution rules associated with the regions. A rule can modify the
objects and send them outside the membrane or to an inner membrane. Moreover,
the membranes can be dissolved. When a membrane is dissolved, all the objects
in this membrane remain free in the membrane placed immediately outside, while
the evolution rules of the dissolved membrane are lost. The skin membrane is never
dissolved.

The evolution rules are applied in a maximally parallel manner: at each step, all
the objects which can evolve should evolve. A computation device is obtained: we
start from an initial configuration and we let the system evolve. A computation halts
when no further rule can be applied. The objects in a specified output membrane
are the result of the computation.

In this basic variant, the membranes are used only as separators of objects and
as channels of communication. In [7] and [8] new features are introduced:

e Membranes of variable thickness: membranes can be made thicker or
thinner (also dissolved as said before). Initially, all membranes have thickness
1. If a membrane has thickness 2, then no object can pass through it.
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e Membranes with electrical charges: electrical charges are associated to
membranes and to objects: they can be marked with “positive” (+), “negative”
(—) or “neutral” (0). The charge define the communication of the objects: an
object marked with + (respectively —) will enter a membrane marked with
— (respectively +), nondeterministically chosen from the set of membranes
adjacent to the region where the object is produced. The neutral objects are
not introduced in an inner membrane. Thus, the evolution rules do not specify
the label of the membrane where the object will be sent, but they only associate
a charge to every object involved in the application of the rule itself.

e Active membranes: the membranes can not only be dissolved, but they can
multiply by division. We consider here division rules for elementary membranes
only, i.e. membranes not containing other membranes (in [8] one considers
division for non-elementary membranes too). Starting from a membrane we
get two (or more) membranes, each with the same objects and rules of the
original membrane.

Other variants are considered in [1], [6], [9] and [10].
In this paper we show how to use the previous features to get simpler and faster
models of P systems. In particular we show how to:

e Use variable thickness to simulate priority in (Rewriting) P Systems.

e Use electrical charges to simplify membrane structures in (Rewriting) P sys-
tems.

e Use membrane division for elementary membranes to execute fast computa-
tions.

2 P systems and Rewriting P systems

We give a very short definition of P system; details and examples can be found in
[5], [6] and [7]. We refer to [13] for elements of Formal Language Theory.

A membrane structure is a construct consisting of several membranes placed in
a unique membrane; this unique membrane is called skin membrane. We identify
a membrane structure with a string of correctly matching parentheses, placed in a
unique pair of matching parentheses; each pair of matching parentheses corresponds
to a membrane.

A membrane identifies a region, delimited by it and the membrane immediately
inside it. If in the regions we place multi sets of objects from a specified finite set
V, we get a super-cell.

A super-cell system (or P system) is a super-cell provided with evolution rules
for its objects and with a designated output membrane.

Such a system of degree n,n > 1, is a construct

= (V’lj’a Mla s aMna (Rlapl)a RN (Rn,pn),iO)

where:



V is an alphabet
e 4 is a membrane structure consisting of n membranes (labeled with 1,...,n)
o M;, 1 <1i<n are multi sets over V associated with the regions 1, 2,....,n of u;

e R;;1 <14 < n are finite sets of evolution rules associated with the regions
1,2,...,m of u; p; is a partial order relation over R;, 1 < ¢ < m, specifying a
priority relation among rules of R;. The rules are of the form v — v where u is
asymbol of Vand v = v orv =1v'd. v’ is astring over (V x {here, out})U(V x
{inj|]1 < j < m}) and ¢ is a special symbol not in V. When we apply a rule
containing the symbol §, the membrane where the rule is applied is dissolved.
The rules of that membrane are deleted and the objects remain free in the
membrane placed immediatly outside. The skin membrane is never dissolved.

e iy is the output membrane. If we don’t specify the output membrane, we
consider as output the objects sent out from the skin membrane in the order
of their expelling from the system (this variant was introduced in [9]).

We consider here not only P systems but Rewriting P Systems (RP Systems) too. In
such systems, objects can be described by finite strings over a given finite alphabet.
The evolution of an object will correspond to a transformation of the strings. Con-
sequently, the evolution rules are given as rewriting rules. We only use context-free
rewriting rules.

We describe now three variants of P systems, which consider membranes with
different features:

e Membranes of variable thickness: the rules are of the form u — wv(tar)
where u is a symbol of V and v =v or v =v'§ or v = v'7. v’ is a string over
V', while §, 7 are special symbols not in V. tar € {here,out,in,},1 <m <n
represents the target membrane, i.e. the membrane where the string produced
with this rule will go.

If a rule contains the special symbol § and the membrane where this rule is
applied has thickness 1, then that membrane is dissolved and it is no longer
recreated; the objects in the membrane become objects of the membrane placed
immediately outside, while the rules of the dissolved membrane are removed.
If the membrane has thickness 2, this symbol reduces the thickness to 1. If a
rule contains the special symbol 7 the thickness of the membrane where this
rule is applied is increased; the thickness of a membrane of thickness 2 is not
further increased. If a membrane has thickness 2, then no object can pass
through it. If both the symbols ¢ and 7 are introduced in the same region, the
corresponding membrane preserves its thickness.

The communication of objects has priority on the actions of § and 7; if at the
same step an object has to pass through a membrane and a rule changes the
thickness of that membrane, then we first transmit the object and after that
we change the thickness.



e Membranes with electrical charges: yu is a membrane structure consisting
of m membranes; each membrane is marked with one of the symbols +, —, 0.
The rules are of the form

(u — v(p))

where u is a symbol of V and v = v or v = v'd. v is a string over V, § is a,
special symbol not in V' and p € {here, out,+, —}.

A rule can marks the object with 4+, — , out, here. If a rule marks a string with
here (or if the mark is omitted), it means that the string obtained after the
rule is applied will remain in the same region where the rule is applied. If the
mark is out, the string will be sent to the region placed immediately outside. If
the string is marked with + (or —), it will be sent through a membrane marked
with — (respectively +) and adjacent to the region where the rule is applied.

e Active (and electrically charged) membranes: A P system with active
membranes is a construct Il = (V, T, H, y, w1, . .., wn, R) where:

-m>1

— V is an alphabet

— T CV is the terminal alphabet

— H is a finite set of labels for membranes

— p is a membrane structure consisting of m membranes, labeled (not nec-
essarily in a one-to-one manner) with elements of H; all membranes in y
are supposed to be neutral

— wi, ..., Wy are strings over V, describing the multisets of objects placed
in the m regions of y

— R is a finite set of developmental rules, of the following forms:

1. Type (a): [pa — v]%, for h € H,a € V,v € V*, a € {+,—,0} (object
evolution rules),

2. Type (b): a[p]y* — [nb]}?, where a,b € V, h € H, oy, a2 € {+,—,0} (an
object is introduced in membrane h),

3. Type (c): [paly' — []3°b, for h € H, a1, 00 € {+,—,0}, a,b € V (an
object is sent out from membrane h),

4. Type (d): [paly} — b, for h € H, « € {+,—,0}, a,b € V (membrane h is
dissolved),

5. Type (e): [paly' — [nb]3>[nely?, for h € H, a1, a2, 03 € {+,—,0}, a,b,c €
V (division rules for elementary membranes)

6. Type (£): [no[nilhy (il lhiss Jhpsy = [hnJmilho =

[nolni iy -+ lna it Thg o [hxsa Ty = [Bo T s e

for k > 1,n > k,h; € H,0 < i < n, and ag,...,as € {+,—,0} with
{a1,as} = {+,—} (division rules for non-elementary membranes)



The rules are applied following the principles in [8]. When a membrane is
divided by a rule of type (e) or (f), then the content of this membrane is
reproduced unchanged in the new copies we get.

In the next chapters we will need the notion of matrix grammar, too. Such a grammar
is a construct G = (N, T, S, M,C), where N, T are disjoint alphabets, S € N, M
is a finite set of sequences of the form (A; — z1,..., A, — ), n > 1, of context-
free rules over N UT (with A; € N,z; € (N UT)*, in all cases), and C is a set of
occurrences of rules in M (N is the nonterminal alphabet, T is the terminal alphabet,
S is the axiom, while the elements of M are called matrices). For w,z € (N UT)*
we write w = z if there is a matrix (A; — z1,...,4, — z,) in M and the strings
w; € (NUT)*,1 <4 <n+1,such that w = wy,2z = wypy1, and, for all 1 < ¢ < n,
either w; = w; Aw, ,w; 1 = w, z;w, , for some w;, w; € (NUT)*, or w; = Wiy 1, A
does not appear in w;, and the rule A; — x; appears in C (the rules of a matrix are
applied in order, possibly skipping the rules in C if they cannot be applied; we say
that these rules are applied in the appearance checking mode.) If C' = ) then the
grammar is said to be without appearance checking (and C is no longer mentioned).
We denote by =* the reflexive and transitive closure of the relation =>. The language
generated by G is defined by L(G) = {w € T*|S =* w}. The family of languages of
this form is denoted by M AT,.. When we use only grammars without appearance
checking, then the obtained family is denoted by M AT

A matrix grammar G = (N, T, S, M, C) is said to be in the binary normal form
if N = Ny UNyU{S, 1}, with these three sets mutually disjoint, and the matrices in
M are of one of the following forms:

1. (S — XA), with X € N1, A € Ny,

2. (X >Y,A—zx),with X,;)Y € Ny,A € Ny,z € (NoUT)*,

3. (X =Y, A— 1), with X, Y € N1, A € Ny,

4. (X > N\ A—x), with X € Nj,A € Ny, and z € T*.

Moreover, there is only one matrix of type 1 and C' consists exactly of all rules
A — 1 appearing in matrices of type 3. One sees that t is a trap-symbol; once
introduced, it is never removed. A matrix of type 4 is used only once, at the last
step of a derivation (clearly, matrices of forms 2 and 3 cannot be used at the last
step of a derivation). According to Lemma 1.3.7 in [6], for each matrix grammar
there is an equivalent matrix grammar in the binary normal form.

We denote by CF and RFE the families of context-free and recursively enumerable
languages respectively. It is known that CFF ¢ M AT C MAT,. = RE. Further
details about Matrix grammars can be found in [2] and in [13]. Moreover, in [3] it is
shown that the one-letter languages in MAT are regular.

3 Using variable thickness to simulate priority

It is known (see, for ex., [6]) that Rewriting P systems which made use of priority
on the evolution rules are able to generate every Recursively Enumerable language.
Neverless, the priority relation among evolution rules is a feature of a formal language
inspiration, which does not seem a “realistic” one.



In the next proof, we prove that if we use the feature that modifies the thickness
of a membrane, we are able to generate every RE language with RP systems that do
not make use of priority. In fact, by modifying the thickness of the membrane we are
able to simulate, in the correct order, the productions of a generic matrix grammar
with appearance checking.

With RP(nPri,d,7), we denote the family of languages generated by Rewriting
P systems without priority on the evolution rules and which made use of variable
thickness (i.e. both § and 7 operations).

Theorem 1 RP(nPri,6,7) = RE

Proof The inclusion RP(nPri,d,7) C RE follows directly from the Church-
Turing thesis. We prove here the opposite inclusion. Consider a matrix grammar
with appearance checking G = (N, T, S, P,F) in binary normal form. We assume
the matrices of the types 2, 3 and 4 labeled in a one-to-one manner; we label with
my, ...,y the matrices of type 2, with my 1, ..., my» the matrices of type 3 and
with myn ,, ..., my the matrices of type 4 (0 < E<k1<Ek <Ek).

We show how to construct a Rewriting P System (of degree k + 2) without
priority but with variable thickness that generates the same language of G:

I = (Va/'ta M17 M27 LR M/H-l’ Mk+21 R17 R27 R 7Rk3+17 Rk+2’ Mk+2)
where

V=N UN,U{E,1,F,F Fp,F5, ;}UTU{X, Xo, X3|X € Ny}

= lolk+1la]ulele] - - [k]k]k+1]o

o Myi1 = {XAE|S — X Aruleof thematriz of type1} U {F}
e Myg=10

o« My =1 forl<h<k

e Ri(1<i<FK)={A— zé(out)m;: (X =Y, A — z)type2matriz,
z € (NoUT)*}U{F — Fr(out)}

e Ri(K <j<Kk')={Y = YorlU{F —= Fr}U{Ys = Y3} U{F, —» F37}U
U{4A = f|lm; : (X = Y, A = {) type3matriz} U {F3 — F,6}U
U{Y; — Yd(out)} U{Fy — Fr(out)}

o Ry(k" < h<k)={A— z0(out)|my, : (X — 1, A — x3) type 4matriz,
z1,29 € T*YU{F — Fr(out)}

¢ Rii1 ={X = Y(ing)|my : (X =Y, A — z)type2 matriz,z € (No UT)*}U
U{X = Y (iny)|me : (X = Y, A — 1) type 3matriz}U
U{X — z1(iny)|my : (X — 21, A — z2) type d matriz, z1,z9 € T*}U
U{E = Mout)} U{F = N} U{F = F'(in,),1 <r < k}U{t = 1}

e Ry={a—alaecV-T}



The most external membrane (Mj) is the output one. This membrane contains
a membrane (My41) used to control the simulation of the matrices. Inside this
membrane there are k£ membranes, one for every matrix of the matrix grammar we
have to simulate.

Consider the strings XwE (initially we have X AF) and F in membrane My q
with w € (No UT)*. On the string F' we can apply the following rules:

e F' — \. This eliminates the string F'.

e F — F'(in,), with 1 < r < k. These rules send the string F' in a membrane
corresponding to a matrix of the matrix grammar system.

On the string XwFE we can apply one of the following rules:

e F — A(out). This rule eliminates the symbol E from the string and it sends
the obtained string in membrane 0, the output one.

¢ X — Y(iny), where w is a label of a membrane associated with a type 2
matrix. These rules simulate the first production of a type 2 matrix and they
send the string to the corresponding membrane.

e X — Y'(iny), where w is a label of a membrane associated with a type 3
matrix. These rules simulate the first production of a type 3 matrix and they
send the string to the corresponding membrane.

e X — z1(iny), where w is a label of a membrane associated with a type 4
matrix. These rules simulate the first production of a type 4 matrix and they
send the string to the corresponding membrane.

Consider what happens if we simulate the first production of a matrix on the string
XwEFE and we send the obtained string in the corresponding membrane i (1 <7 < k),
and, at the same time, a rule F — F' (in;) with j #4 or arule F — X on F.

The string obtained from XwF is sent ALONE in membrane i.

If the membrane ¢ is a membrane that simulates a type 2 matrix, we send in
that membrane a string of the form YwE. If this string contains the corresponding
symbol A € Ny we have to apply the rule A — zd(out). The membrane is dissolved,
thus the string t, present in the membrane, reaches the membrane k£ + 1 where we
have the rule f — }: the computation will never stop. If the string YwFE doesn’t
contain a symbol A € Ns, the string cannot further evolve and, as we will see, no
string can reach the output membrane.

If the membrane 7 is used to simulate a type 4 matrix, the situation is similar.
The only difference is in the string we send: it is of the form z;wE, where z1 € T™.

Finally, if ¢ corresponds to a type 3 matrix, we send in the membrane a string of
the form Y’ wE. We can either apply arule Y’ — Y54, which dissolves the membrane
and, consequently, sends the string t in membrane k + 1, or, if the string contains
the corresponding symbol A € Ny, we can apply the rule A — { that introduces the
trap symbol { into the string. In both cases, the computation will never halt or no
string will reach the output membrane.



The only way to correctly simulate a matrix is to apply, at the same time, the
rules that send in the same membrane the strings obtained from XwFE and F'.

To simulate a type 2 matrix we have to apply a rule X — Y (in;) on XwE and
arule F — F'(in;) on F. In this way, we get the strings YwE and F'. Then these
strings are sent to membrane 1.

In membrane %, we have to apply the rule F' = Fr on F' and the rule A —
zd(out) on YwE; in this way we send back in membrane & + 1 the strings F' and
YurzweE (with w; Awy = w). The thickness of the membrane remains unchanged
(one rule uses the symbol ¢ while the other rule uses the symbol 7). Thus, we have
correctly simulated the productions of a type 2 matrix on XwFE (and the thickness
of membrane 7 is still 1); we can proceed with the simulation of another matrix.

Note that if the symbol A is not present in XwF, this string can never leave the
membrane, thus it cannot reach the output membrane.

To simulate a type 4 matrix, the process is quite similar. The only difference is
that we have to apply a rule X — z1(in;) on XwkE, where 7 is a label of a membrane
used to simulate a type 4 matrix and z; is a terminal string.

The process of simulating a type 3 matrix is quite different. To simulate the
productions of such a matrix we have to apply a rule X — Y (in;) on XwE and the
rule F — F'(in;) on F. We get the strings V' wE and F' and these strings are sent
to membrane ¢. Here, we have a 4 step process:

Step 1 (we control if the string Y'wE is arrived alone).

On Y'wE we can apply either the rule Y' — Y56 or the rule A — T (if Y'wE
contains the symbol A). At the same time, on F' we have to apply the rule F' = Fyr.

If we apply the rule A — 1 on Y'wE, we introduce the trap symbol 1 into
the string; even if the string will reaches the output membrane, the computation
will never halt. Otherwise, we get the strings YowE and F,. The thickness of the
membrane remains unchanged (one rule uses the symbol § while the other uses the
symbol 7).

Step 2 (we increment the thickness of membrane).

On the string of the form YowFE we can apply either the rule A — { or the rule
Y> — Y3. At the same time, on F5 we have to apply the rule Fo — F3T.

If we apply the rule A — 1 on YowkFE, the considerations of the previous step
are still valid. Otherwise, we get the strings YswE and F3. The thickness of the
membrane is now 2, due to the symbol 7 in the rule F, — F37.

Step 3 (we execute the appearance checking on the string YswFE).

On the string of the form YswE we can apply only the rule A — 1 (if the
string contains the symbol A). We cannot apply the rule Y3 — Y d(out) because the
thickness of the membrane is 2, thus the string cannot pass through the membrane.
At the same time, on F3 we have to apply the rule F3 — Fy0.

Consequently, if a symbol A is present in YswE, we have to apply the rule A —
that introduces the trap symbol. If A is not present, no rule can be applied on this
string. The thickness of the membrane return to 1, due to the symbol  in F3 — F46.

Step 4 (we conclude the simulation of a type 3 matrix).

The thickness of the membrane is now 1, so, on the string of the form YswFE, we
can apply the rule Y3 — Yd(out). At the same time, on Fy we have to apply the




rule Fy — F1(out).

The thickness of the membrane remains unchanged. We send back in membrane
k—+1 the string F' and a string of the form YwF in which we have correctly simulated
a type 3 matrix. We can start the simulation of another matrix.

We conclude this proof by illustrating the use of the rules E — A(out) and
F—

If we apply the rule FF — X on F' and, at the same time, a rule that simulates the
first production of a matrix on XwFE, we delete the string F' and we send the other
string to a membrane labelled with a number between 1 and k. As we previously
shown, if this second string is sent alone to a membrane with a label between 1 and
k, the computation will never halt.

If we apply the rule E — A(out) on a string of the form XwE, we send a string
of the form Xw to the output membrane. The computation will never stop due to
the rule X — X in that membrane. The same is true if we apply such a rule to a
string of the form wE in which w contains non terminal symbols.

Thus, consider a string of the form vE in which v is a terminal string (we can
obtain such a string after the simulation of a type 4 matrix). If we apply the rule
E — X out) on vE we send the terminal string v in the output membrane; no other
rule is applied on this string.

In membrane k + 1 we can apply on F one of the rules F — F' (in;) or the rule
F — X. If we apply a rule F — F' (in;) we send in membrane i a string F'. On
this string we have to apply the rule F' — Fr(out) (if i is a label of a membrane
that simulates a type 2 or type 4 matrix) or the rules F' = Fyr,Fy — F31,F3 —
Fy6,Fy — Fr(out) (if 7 is a label of a membrane that simulates a type 3 matrix).
As one can see, in both cases we send back in membrane k 4+ 1 the string F' and the
thickness of the membrane ¢ becomes 2.

On F we can apply now the rule F — X or one of the rules F — F' (inj), with
j # 1, because the membrane ¢ has thickness 2. If we apply one of the rules of the
second type, we get the same string F' in membrane k + 1 and another membrane
becomes of thickness 2.

It’s easy to see that, after a while, all the membranes with a label between 1 and
k become of thickness 2. So, if we still do not have applied the rule F' — A, we have
to apply it. The string F' disappear and the computation stops.

In the output membrane we get exactly the strings of terminal symbols generated
by the grammar G, that is L(G) = L(w). ¢

Informally, the key concept in the previous proof is the collaboration between the
string XwE and the string F'. The computation can correctly terminate only when
the two strings follow the same path between the membranes structure. If both
strings use the same membrane at the same time, the computation can correctly
proceed. Otherwise a membrane will be dissolved and a string { will reach the
control membrane where the computation will proceed forever. For the same reason,
the deletion of the string F' cannot be done before sending the other string to the
output membrane.

The difficult in simulating the production of a matrix grammar with appearance
checking lies in the type 3 matrix: we have to apply the productions that introduce



the trap symbol only if there are certain symbols in the string; otherwise these pro-
ductions do not have to be applied. This can be easily controlled using priorities,
but it seems difficult to get the same result without priorities. Nevertheless, by mod-
ifying the thickness of the membranes, we are able to simulate priority, as illustrated
in the proof.

4 Using electrical charges to simplify membrane struc-
ture

Another feature in membrane systems which does not seem of a natural inspiration
is relative to the communication of objects through membranes: the rules have to
specify the label of the membrane where the objects have to be sent after the appli-
cation of the rule itself. A less restrictive feature consider, as previously described,
electrical charges associated with both the objects and the membranes.

We show now that this feature, introduced with the goal of obtaining more
realistic systems, can be useful under different aspects. For example, it allows us to
simplify the structure of the membrane systems: in fact, the communication of the
strings can be controlled with few general rules, because we do not have to specify
the precise label of the membrane where the strings have to go (as in the models
presented in [6]), but only the subset of membranes we are interested in: positive or
negative ones (of course, we have to control that the objects do not reach “wrong”
membranes). We can, in this way, define P systems with a limited number of rules
per membrane and with a membrane structure of limited depth.

We illustrate this in the following, using Rewriting P system with priority. With
RP*(Pri, né) we denote the family of languages generated by Rewriting P systems
with electrical charges which use priority on evolution rules and which do not use
the operation which allows to dissolve the membranes.

Definition A RP system is in double_2 normal form if it is of depth 2 and
in each membrane we have 2 rewriting rules.

Theorem 1 Every RE language can be generated by a P system RP*(Pri, nd)
in double_2_ normal form.

Proof Consider a matrix grammar with appearance checking G = (N, T, S, P, F)
in the normal form previously described. We assume the matrices labeled in a one-to-
one manner. With my,...,myg, we label the matrices of type 2, with mg, 11,...,mg,
we label the matrices of type 3 and with m,41,...,m we label the matrices of type
4. Moreover, we label the symbols in N with By, ..., By.

We show how to construct a Rewriting Super Cell system of depth 2 with 2
rewriting rules in each membrane that generates the same language of G:

O = (Vou, Mo, My,... My, Myi1,..., Mgipi1,(Ri,p1)s-- - (Retht1, Phtht1):0)

where
e V=NUNU{Z Z ,Z'YU{Ci]1 <i<h}UT,

o p= 0[]} Ik s 1lppr - Ternslpanialo



o My={Z'ZXA|S — XA is the rule of a matrix of type 1}
o M,..., Mg p+1 are empty
e Ry = {7‘0’1 VAR A(—)} U {7‘0’2 : 7 > Z’(—l—)}

o Ry ={ra1: X =2 ZY}U{rao: A = z(out)}, 1 <a <k, (mo(X =Y, A—
x) type 2 matrices)

e Rg={rga: A= AtU{rge: X = ZY (out)}, k1 +1 < B < ko, (mp(X —
Y, A — 1) type 3 matrices)

e Ry={ry1: X = C1}U{ryp: A = z(out)}, ko + 1 < v < k, (my(X —
A, A — z) type 4 matrices)

e Ry = {‘rw’l : By — Bwfk} U {Tw’g : wak — C¢,k+1(0’u,t)},k +1< 9y <L
k+h—1,

© Ryin = {Thin1:Bn— Br}U{rkina: Ch = Z (out)},
o Rishi1 = {rhini11:Z = AU {reiniie: Z — Mout)}

® p; 11 > Tiofor every 0 <i<h+k+1

In other words, we place into the skin membrane several membranes with positive
charge, one for each matrix in G; each membrane simulates the productions of a
matrix in G. Moreover, we place into the skin membrane several membranes with
negative charge, one for every nonterminal symbol in G plus one used to stop the
computation; these membranes are used to be sure that the generated strings do not
contains non terminal symbols.

Consider a string of the form Z'ZHw in membrane 0 with w € (N, UT)* and
H € N (initially we have Z' ZXA). We have to apply the production Z — A(—)
and we get the string Z Huw. This string is sent to a membrane of positive charge,
in which we simulate the productions of a type 2, 3 or 4 matrix.

Membrane simulating a type 2 matrix If the string is sent to a membrane cor-
responding to a type 2 matrix, we have to apply a rule of the form X — ZY
(which simulates the first production of the type 2 matrix) and a rule of the form
A — z(out) (which simulates the second production of the type 2 matrix). The first
production of a matrix of type 2 in the binary normal form cannot be of the form
X — X, as one can see from the description of the normal form in [2]. Thus, if the
symbol X is in the string (i.e. H = X), we have to apply this rule and we can do
it only one time (the string cannot evolve forever in this membrane due to a rule
X — X). Otherwise, we cannot apply this rule and the symbol Z is not reinserted
in the string. Then, we have to apply the rule A — z(out). If the symbol A is not
in w, the string cannot further evolve and it will not reach the output membrane;
otherwise the obtained string is sent back in the skin membrane. As said before, if
the production X — ZY has not been applied, we have now a string of the form
Z'H w', i.e. astring without the symbol Z in it. Thus, in the skin membrane we have
to apply the rule Z' — Z'(+), which sends the string in a membrane with negative




charge. It easy to see that there is no such a membrane that sends back the string
in the skin membrane (the string does not contains the symbol Z" nor a symbol C;).
The computation can correctly proceed only if the membrane correctly simulates the
corresponding type 2 matrix. In fact, if we apply the production X — ZY and if the
symbol A is in w, we can apply the rule A — z(out), that sends back in membrane
0 the string Z'ZYw', that is ready to simulate another matrix.

Membrane simulating a type 3 matrix If the string Z' Hw is sent to a membrane
of type 3, we have to apply the rules A - A and X — ZY. We have the fol-
lowing possibilities: if the string contains the symbol A, we have to apply forever
the production A — A (due to the priority), thus the computation will never stop
and no string will be produced. If the symbol A is not in the string, we can apply
the production X — ZY (out). If H # X the string cannot further evolve and it
will remain in this membrane, otherwise we correctly simulate a type 3 matrix and
the string is sent back in membrane 0 where we can start the simulation of another
matrix.

Membrane simulating a type 4 matrix If the string Z Huw is sent to a membrane
of type 4, we have to apply the rules X — Cy and A — z(out). If the string does
not contain the symbol A, it will remain in the membrane forever. If the string
contains the symbol A but it doesn’t contain the symbol X, we can apply the rule
A — z(out). The obtained string doesn’t contain the symbol Z nor the symbol Cj.
As we have seen before for the type 2 matrix, this string will reach a membrane with
negative charge but it will never exit from that, thus no string will be generated
in this way. The matrix will be correctly simulated only if H = X and the string
contains the symbol A. In this case, we first apply the rule X — C; and then the
rule A — z(out). In the skin membrane we get a string of the form Z' Cjw.

Thus, we are able to simulate the productions of every type of matrix in the
correct order. When the string reaches a membrane that corresponds to a type 4
matrix, the phase of simulating the production of the matrices has to be ended, and
we have to control that the obtained string does not contain non terminal symbols.
This is done with the negative charged membranes. Consider a string of the form
Z'Cyw in membrane 0. Obviously, the production Z — A cannot be applied, because
the string does not contain the symbol Z. Thus, we have to apply the rule A
Z'(+). The obtained string Z Cyw is sent to a membrane with negative charge.
There is only one membrane with a production that involved Cp: the membrane
used to control the presence of the non terminal Bj, that is the membrane k+1;
it contains the productions By — B; and C; — Ch(out) . If the string reaches
a different membrane, it cannot further evolve and no string reaches the output
membrane. Otherwise, we can test the presence of the non terminal By in the string:
if By is in the string, we have to apply forever the production By — Bj, otherwise
we can apply the production C; — Cs(out) and we send back in membrane 0 the
string Z Cyw. Here we can apply again the rule Z' — Z’(—i-) to send the string in a
membrane with negative charge.

Now, the “correct” one is the membrane that tests the presence of the non ter-
minal symbol By. If the string reaches another membrane, it will be blocked. If it
reaches the membrane k£ + 2 and the string contains the symbol Bs the computation




will never halt, otherwise we get in membrane 0 the string Z' Csw. The compu-
tation proceeds in this way until we test all non terminal symbols. The sequence
C1,Cs,...,Cy permits to be sure that we test the presence of all non terminal sym-
bols. In the membrane that controls the presence of the h-th non terminal symbol
(the last one) we have the production Cj, — Z' (out) (Z" tell us that we have checked
the presence of all non terminal symbols). The string is sent back in membrane 0
where we have to apply again the rule Z' — Z'(+). The string Z'Z" w is sent to
a membrane with negative charge. If it reaches membrane k& + h + 1 we apply the
rules Z' — X and Z" — A(out) that sends back in membrane 0 (the output one) the
terminal string w; otherwise the string will be blocked in one of the other membrane
with negative charge.

Thus, in the output membrane we get exactly the strings of terminal symbols
generated by G, that is L(G) = L(II).

Informally, the communication of the strings (from the skin membrane to the
other membranes) is accomplished using two general rules, because we do not have
to specify the label of the membrane where we send the string: with one rule we start
the simulation of a matrix, while with the other rule we stop the simulation and we
start the phase in which we control if the string is a terminal one. We can control
if a string reaches a “wrong” membrane using the rules in the same membrane, as
we’ve shown in the proof.

Note that the proof presented here does not show how to build a system in
double 2 normal form starting from a generic RP systems with priority (in a
direct way). Of course, given a RP system, we can build an equivalent type 0
grammar, from this we can build the equivalent matrix grammar with appearance
checking and finally we can obtain an equivalent RP system in the normal form.

5 Using membrane division to solve NP complete prob-
lems in polynomial time with P systems

Could we use P systems to solve complex problems in an efficient way? In [8]
one considers a variant of P systems in which a membrane can be divided in two
membranes; each new membrane contains the same objects and rules of the starting
membrane. In [4] one considers the division of a membrane in an arbitrary finite
number of membranes. In [8] and [4] it is shown how to solve in linear time (with
respect to the input length) two well known NP Complete problems, Satisfiability and
Hamiltonian Path, using P systems with active membranes. The systems in these
papers use division for elementary membranes and for non elementary membranes
(i.e. membranes with one or more membranes inside).

We show now that division for elementary membranes suffice to build P systems
able to solve complex problems in an efficient way. In particular, we show how to
build a P system, with division for elementary membranes only (called P Systems
with Elementary Active Membranes), able to solve the SAT problem in linear time.

Theorem 3: The SAT problem can be solved in linear time (with respect to
the number of variables and the number of clauses) by a P system with elementary
active membranes.



Proof: Consider a boolean expression in conjunctive normal form
a=CiNCyoN...NCp,

for some m > 1, with
C; = Yil VYi2 V.o VYip,

where p; > 1, and y; j € {zg, "2kl <k <n}, foreach 1 <i<m, 1< 5 <p;,.
We build the P system

II= (VaTa H,,U,,LU(),(A)l,R)
where

o V=Aapti, fill <i<n}U{rl <i<m}U{W;]1<i<m+1}U
U{ttu{Z]0 <i<n}

T = {1}

« H=1{0,1}
o 1= 1[o[]91
e wy=A

® Wi = a1a9...ap 4y

while the set R contains the following rules:

L o]} = LR}, 1<i<n

We substitute one variable a; in membrane 1 with two variables t; and f;. The
membrane is divided in two membranes (the charge remains neutral for both mem-
branes). In n steps we get all 2" truth assignments for the n variables; each truth
assignment is in a membrane labelled with 1.

2. [Zy = Zp1]},0<k<n-—2

3. [Zn—l — ZnW1](1)

4. [Z,)0 = [T A

We count n steps, the time needed to produce all the truth assignments. The step
n — 1 introduces the symbol W; used in the next steps, while the step n changes the
charge of the membranes labelled with 1.

5. [t; — rhl...rhj]f, 1<i<mn,1<h; <mand z; is in the clauses hi, ..., hj

6. [fi — rhl...rhj]f, 1<i<n,1<hj <mand —z; is in the clauses hy, ..., h;

In one step, each symbol ¢; is replaced with some symbols rp,;, indicating the clauses
satisfied if we set x; = true; each symbol f; is replaced with some symbols, indicating
the clauses satisfied if we set z; = false (i.e. —x; = true).

After this step, we start the “VERIFY STEPS”: we have to verify if there is at
least one membrane, labelled with 1, in which we get all symbols ry, 79, ..., (at
least one symbol r; for every 7). In fact, this means that there is a truth assignment
satisfying all the clauses.

7. ) = i



We first verify the presence of the symbol r; in membranes labelled with 1. Every

membrane containing r; (i.e. every membrane with a truth assignment satisfying

the first clause) sends this symbol outside (in membrane 0) and changes its charge

from + to —. The membranes not containing this symbol cannot further proceed

their computation.

8. il = [rol

9. [r; > ric1);,1<i<m

10. [WZ — Wi-l-l]l_a 1<i<m

The membranes with negative charge can continue the computation. They increase

the index of the symbols W; (the counters the satisfied clauses) and decrease the

index of the symbols r;. The symbols r; in membrane 0 are sent back (as rg) to the

negative charged membranes labelled with 1, to change their charge from — to +.
After applying the rules of type 8, 9, and 10 (in parallel) we can re-apply the

rules of type 7 followed again by the application of the rules of type 8, 9 and 10.

In 2m steps we verify the existence of a membrane containing all symbols r;. It’s

easy to see that if a membrane does not contain a symbol r;, the computation in

that membrane halts in less than 2m steps. As a consequence, that membrane

will not contain the symbol Wy, ;. The membranes containing this symbol are the

membranes containing all symbols r; when the VERIFY STEPS started, i.e. the

membranes with a truth assignment satisfying all the clauses.

1L [Woni]f — [Ft

If a membrane labelled with 1 executes all 2m verify steps, it contains the symbol

Wi+1. Thus we send out to membrane 0 the symbol ¢, indicating that there is a

truth assignment satisfying all the clauses.

12. [ — [f ¢

A symbol ¢ is sent outside membrane 0 and the charge of this membrane is changed

from 0 to +. No further computation is possible. Thus, we have to look at the

output of membrane 0 after n + 2m + 5 steps. If we get the symbol ¢, it means that

there is a truth assignment satisfying «; otherwise, the formula is not satisfiable. e

6 Conclusions

In papers like [7], [8] and [9], is pointed out the importance of consider variants
of P systems which use features of biochemical inspiration, to obtain more “realis-
tic” systems which can be implemented either in biochemical media or in electronic
media.

We've presented here some results, to underline the fact that a feature of bio-
chemical inspiration can be useful not only to replace other features of different in-
spiration (for example, of a formal language inspiration, like priority over evolution
rules). These features can be used to obtain simpler and faster models too. We've
illustrated this, by showing that variable thickness can be used to replace priority,
while electrical charges can be used to obtain systems with a simple membrane struc-
ture (systems of depth two with two rules per membrane). Moreover, we've shown
how to build P systems able to solve the Satisfiability problem (a well known NP
complete problem) in linear time, using division for elementary membranes only.
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