P Systems with Replicated Rewriting

Shankara Narayanan KRISHNA, Raghavan RAMA
Department of Mathematics
Indian Institute of Technology, Madras
Chennai 600036, India

E-mail: ramar@iitm.ac.in

Abstract. P Systems are computing models, where objects can evolve in parallel within
a hierarchical membrane structure. Recent results show that this model is a promising
framework for solving NP-complete problems in polynomial time. (Of course, “solving”
NP-complete problems in this framework means trading space for time and using an
exponential space. The interest for P systems in this respect lies in the fact that we
can generate this space in a very natural, easy, and systematic manner, inherent to P
systems.) The present paper considers P systems using strings as the data structure and
replicated rewriting as the control structure. This is a variant of P systems which can
attack NP-complete problems: here we exemplify this with SAT and HPP, which can be
solved in linear time. We also prove that this variant is computationally complete, it
characterizes the recursively enumerable languages.

1 Introduction

In the area of natural computing, P systems are new computing models based on the
way nature organizes the cellular level in living organisms. Different processes developed
at this level can be thought of as computations. In his seminal paper [4], Gh. Paun
considers systems based on a hierarchically arranged finite cell structure consisting of
several cell membranes embedded in a main membrane called the skin membrane. The
membranes delimit regions where objects are placed. In [4], two basic classes of P systems
are considered, with symbol-objects and with string-objects. Starting from these main
variants, several further variants were considered, see [1, 3, 5, 6, 7, 8].

Here, we consider a variant of P systems using string-objects with the object evolution
based on rewriting. It is know that certain variants of P systems, such as P systems
with active membranes [6] and P systems with worm-objects [1], are able of solving NP-
complete problems in polynomial type. For solving hard problems with P systems which
use rewriting rules, we need to replicate strings, in order to get an exponential space in
a linear time. This is the starting idea of our paper: to consider rules which replicate
strings at the same time when rewriting them. Such P systems with replicated rewriting
are introduced in the following section. Then we give an important application of this
variant, namely solving NP-complete problems in polynomial time. In the last section,
we also prove that this variant is computationally universal, it can generate all recursively
enumerable languages.



2 P Systems with Replicated Rewriting

We directly define the variant of P systems we introduce in this paper; for further notions,
we refer the reader to [4].

Definition 2.1 A P System based on replicated rewriting is a construct
=V, T,u, My, Ms,..., My, R1,Rs,,...,Rp),
where:
(1) m>1;
(2) Vis an alphabet (the total alphabet of the system);
(3) T C V (the terminal alphabet);
(4) p is @ membrane structure with m membranes, labeled with 1,2,... ,m;
(5) Mq,..., M, are finite languages over V;

(6) Ri,Rs,..., R, are finite sets of developmental rules of the form
X — (v1,tary)||(va, tara)|| ... ||(vn, tar,),n > 1, where tar; € {here,out} U {in; |
1 <j<m}, X eV e Vi1 <i<n. Ifn>1, then the rule is a replicated
rewriting rule, otherwise it is just a rewriting rule.

The languages M; and the sets R; of rules are associated with the regions of p, 1 <17 < m.

When a rule X — (vy,tary)||(ve, tars)||...||(vn, tary,) is used to rewrite a string
x1 X x,, we obtain n strings zyv;z5, which are sent to the regions indicated by tar;, 1 <
1 < n, respectively. When tar; = here, the string remains in the same region, when
tar; = out, the string exits from the current membrane, and when tar; = in;, the string
is sent to membrane j, providing that it is directly inside the membrane where the rule
was applied; if there is no such a membrane j inside the membrane where we work, then
the rule cannot be applied.

A computation is defined as usual in rewriting P systems: we start from the strings
present in the initial configuration of the system and proceed iteratively, by transition
steps done by using the rules in parallel, in each membrane to all strings which can be
rewritten by local rules; the result is collected outside the system, at the end of halting
computations. Note that each string is processed by one rule only, the parallelism refers to
processing simultaneously all available strings by all applicable rules in the corresponding
regions. If several rules can be applied to a string, at several places each, then we take
only one rule and only one possibility to apply it and consider the obtained string as the
next state of the object described by the string.

Note that we do not consider here further features, such as priorities among rules or
the possibility of dissolving membranes, because we do not need them in the following
sections.

The language generated by a system Il is denoted by L(II) and it consists of all strings
over T™* sent out of the system during a halting computation. We denote by FRRP the
family of languages generated as above by P Systems based on replicated rewriting.
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3 Solving SAT and HPP

In this section we show that the SAT problem and the Hamiltonian path problem (HPP)
can be solved in a linear time by using replicated rewriting P systems.

The SAT (satisfiability of propositional formulas in the conjunctive normal form) is
probably the most known NP-complete problem. It asks whether or not for a given
formula in the conjunctive normal form there is a truth-assignment of the variables for
which the formula assumes the value true.

Theorem 3.1 The SAT problem can be solved by using replicated rewriting P systems in
a time linear in the number of variables and the number of clauses.

Proof. Suppose we are given a formula v = Cy ACy A ... A C,, where Cy,Cy, ..., C,, are
disjunctions, and the variables involved are zy,z,,...,z,. We construct the replicated
rewriting P system

II = (V, V,ILL,Ml, .. .,Mm+1,R1, .. .,Rm+1),
where:

Vo= daiti, fi | 1 <0 <n},
po= Ll Lagn Lo - Lol
Mpyyv1 = Ha}, M; = {)}, forall 1 < <m,
{ai = (tiai1, here)|[(fiaiyr, here) | 1 <@ <n —1}
{an = (L, out)[|(fn, out)},
R;, = {t; — (t;,out) | z; is present in C;,1 <i < n}
U {fi = (fi,out) | ~z; is present in C;,1 <1 < n},
forall j =1,2,...,m.

Rm+1

(-

This system works as follows. In the central membrane m + 1 one generates all truth-
assignments for the n variables, in the form of permutations of symbols ¢; (indicating that
z; gets the value true) and f; (indicating that z; gets the value false), 1 < ¢ < n. This
is done by using the replication rules and takes n steps. After the n-th step, all the 27
truth-assignments are sent to membrane m. From now on we check whether or not at
least one truth-assignment exists which satisfy all clauses. A string can exit a membrane
g = 1,2,...,m if and only if clause C; gets the value true when its variables get the
truth values indicated by the string. Therefore, the formula is satisfiable if and only if
any string will exit the system — and this happens precisely after the step number n 4+ m.
Thus, the SAT problem is solved in n 4+ m steps. a

Next, we show that the Hamiltonian path problem can be solved using the P systems
with replicated rewriting. Given an undirected graph G = (U, E), where U is the set of
nodes and F the set of edges, the problem is to determine whether or not there exists
a Hamiltonian path in G, that is, to determine whether or not there exists a path that
passes through all the nodes in U exactly once.
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Theorem 3.2 The Hamiltonian Path Problem can be solved using replicated rewriting P
systems in a time linear in the number of nodes of the given graph.

Proof. Let G = (V, F) be a graph, with V = {ay,...,a,} the set of nodes and F the set
of edges. We construct the P system

II = (V, V,N,Z\/{l, .. .,an+2,R1, .. .,Rn+2),

where:
V = H{ajd, ¢ |1 <i<n},
po= [l Lya Lapa 1ol
M,io = {car,crag, ... cra,}, M; ={A}, forall 1 <i<n+1,
Rn+2 = {aj — (a;aluo‘Ut)H s ||(a;alk70uﬂ | 1 S] < n,
{Cl]‘,a[s} € E71 <s< k}7
Ropr = {ci = (Cip1,inng2) | 1 <0< n}
U Hens1r = (X, out)},
R, = {d!— (a;,out)}, for 1 <i<n.
This system works as follows. In the initial configuration, we have the strings
c1a1, €14y, . . ., c1a, 10 the central membrane. First we increment ¢; and the string moves to
membrane n+ 1. Here, we prolong the paths from every node: if we have a path described

! ! !

by a string ¢,42a;, a;, . . . a; a;, then we produce all strings of the form ¢,12a; a;, . . . a; a
where a;, runs over all nodes in the graph which are adjacent to a;. The paths gener-
ated in this way are moved immediately to membrane n + 1. The process is iterated n
steps, that is, until ¢; reaches the subscript n 4+ 1. This guarantees that all possible paths
of length n are produced. All these strings are sent to membrane n by using the rule
Cnt1 — (A, out) from membrane n + 1. The strings are now checked with respect to the
Hamiltonian property: a string can exit a membrane j if and only if the node a; is present
in it, 1 < j5 < n. Therefore, a Hamiltonian path exists iff and only if any string will leave
the system. If this is the case, it happens after 3n + 1 steps: in 2n steps we generate all
paths of length n, in membranes n + 1,n + 2, in one step we send the obtained strings
to membrane n, then further n steps are necessary in order to send a string out of the

system. Consequently, HPP is solved in 3n + 1 steps. O

Qs

4 The Computational Universality
As expected, our systems can generate all recursively enumerable languages.
Theorem 4.1 RE = ERRP.

Proof. The inclusion FRRP C RFE follows from the Church-Turing thesis. We prove the
other inclusion as follows. Let G = (N, T, S, M, F') be a matrix grammar with appearance
checking in binary normal form, see [2]. Then the matrices in M are of the following forms:
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(1) (

(2) (X — Y,A-} $),X,Y € Nl,A € NQ,(E € (NQ UT)*

3) (X =Y, A= #),X,Y € N, A € Ny, and # is a special symbol.
) (

(4) (X > MNA—>2),XeN,A€e Nyyo e T™,

There is only one matrix of type 1 and F consists exactly of all rules A — # appearing in
matrices of type 3. The symbol # is a trap-symbol, once introduced, it is never removed.
All derivations can terminate only by a matrix of type 4. Assume that there are [ — 1
matrices, labeled by my,ms,...,m;. Let mgy,ms,...,myp be matrices of types 2 and 4,
and let myyq,...,m; be matrices of type 3.

We construct the P system

H = (V,T,/L,Ml,Mg,...,M],Rl,RQ,...,R[),
where:

V=NUT,

#:[1 [2]2 [3]3 "'[k]k [k+1]k+1"'[l]l]17
M, = {X A}, for (S — X A) the initial matrix of G,

M; = {A}, foralli =2.3,...,1L

The sets of rules are constructed in the following way.

For a matrix m; : (X — a, A — ), with a € N; U {A}, 2 < ¢ <k, we introduce the
rule X — (a,in;) in the set Ry, and the rule A — (z,0ut) in R;.

For a matrix m; : (X = Y, B — #), k+1 < <[, we introduce the rule X — (Y,in;)
in Ry, and the rules Y — (Y, here)||(Y, out) and B — B in R;.

We also introduce the rules a — (a,out),a € T, in R;.

The membranes 2,3,...,k are used to simulate the matrices of types 2 and 4, in the
obvious way: by using a rule X — (a,in;), for m; : (X — a, A — ) in G, the string is
sent to membrane i, where the rule A — x is simulated and the string is sent back to the
skin membrane.

The membranes k+1,...,[ are used for simulating the matrices of type 3: for a matrix
mi+; » (X = Y, B — #), we use the rule X — (Y,ing;;) in the skin membrane, and
the string is sent to the corresponding membrane k + 7, where we use the replication rule
Y — (Y, here)||(Y, out). A copy of the string exits, one remain in membrane k + j; if the
symbol B is present, then the rule B — B can be used forever, hence the computation
will not halt. If the string does not contain the symbol B, then no rule can be used in
membrane k + 5 and we continue in the skin membrane in a correct manner, as after
having simulated the matrix ;.

The process can be iterated, hence each derivation in G can be simulated in II.

In any moment, a rule @ — (a,out) can be used and the string is sent out, but it is
accepted in the language L(II) only if it is terminal. Thus, L(G) = L(II). 0



5 Conclusions

We have introduced a variant of P systems with string-objects processed by replicated
rewriting rules. We have shown that such systems are able to solve NP-complete problems
in linear time; we exemplify this with SAT and HPP.

It is worth noting that our variant uses only rewriting and replication, while the P
systems with worm-objects from [1] also use splitting and crossovering operations (but
they work with multisets of string-objects, while we use languages, usual sets of strings).

It is an open problem whether or not the universality result can be strengtened by
proving that P systems with a small number of membranes can characterize RE.
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