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Abstract. New computability models, called super-cell systems or P
systems, based on the evolution of objects in a membrane structure,
were recently introduced. The seminal paper of Gheorghe Paun describes
three ways to look at them: transition, rewriting and splicing super-cell
systems having different properties.

Here we investigate two variants of splicing super-cell systems improving
results concerning their generative capability. This is obtained with a
variant of the ”rotate-and-simulate” technique classical in H systems
area.

1 Introduction

Super-cell systems (also called P systems) were recently introduced in [5] as dis-
tributed parallel computing models.

In the seminal paper the author considers systems based on a hierarchical ar-
ranged, finite cell-structure consisting of several cell-membranes embedded in a main
membrane called skin. The membranes delimit regions where objects, elements of a
finite set or alphabet, and evolution rules can be placed.

The objects evolve according to given evolution rules associated with a region;
priorities can be associated to evolution rules. They contain symbols as apere, Gout
Or aip; where a is an object. The meaning of the subscripts is: here indicates that
the object remains in the membranes in which it was produced; out means that the
object in sent out of the membranes in which it was produced; in; means that the
object is sent to membrane i if it is reachable from the region where the rule is
applied, if not the rule is not applied.

The objects can evolve independently or in cooperation with other objects present
in the region in which they are. An evolution rule can destroy the membrane in
which it is. In this case all the objects of the destroyed membrane pass to the im-
mediately superior one and they evolve according to this one’s evolution rules. The
rules of the dissolved cell are lost. The skin membrane cannot be dissolved.

Such a system evolves in parallel: at each step all objects which can evolve do
it. A computation starts from an initial configuration of a system, defined by a
cell-structure with objects and evolution rules in each cell, and terminates when no
further rule can be applied.

It is possible to assign a result to a computation in two ways: considering the
multiplicity of objects present in a designed membrane in a halting configuration,

1 This is the extended and corrected version of P. Frisco ” Membrane computing based on splicing:
improvements”, present in pre-proceedings of Workshop on Multiset Processing, 21 - 25 August
2000, Curtea de Arges, Rumania



or concatenating the symbols leaving the system in the order they are sent out of
the skin membrane.

In [5] the author examines three ways to look at P systems: transition, rewriting
and splicing super-cell systems. Starting from these several variants were considered:
[6] gives a survey; in [7] polarized membranes and ”electrical charges” assigned to
objects are considered; in [10] rules with a;, (indicating that an object passes to
any of the adjacent lower membranes non-deterministically chosen) and other types
of structures (planar maps described by asymmetric graphs) are introduced; in [11]
variants of splicing P systems with or without planar map are investigated. In most
of the cases the characterization of recursively enumerable (RE) number relations
or representation of permutation closures of RE languages are obtained.

We focused our attention on some of the systems introduced and studied in
[11]. The objects of our investigations are P systems using string-object evolving by
splicing with non-deterministic way of communicating and P system using string-
object evolving by splicing working on planar maps described by asymmetric graphs.
The characterization of RE languages is improved reducing the degree and the depth
of the systems. One minimal result concerning the number of membrane used is
obtained.

2 Splicing and P systems

The operation of splicing as a formal model of DNA recombination with the presence
of restriction enzymes and ligases was introduced in [2]. Now we give definitions
strictly related with our work; more general information may be found in [9)].

Consider an alphabet V and two special symbols, # and $ not in V. With V*
we indicate the free monoid generated by the alphabet V' under the operation of
concatenation; A indicates the empty string; the length of € V* (the number of
symbols of V present in z) is indicated with |z|.

A splicing rule is a string of the form r = u; #ua$uz#ug, where uy, us, us, uqg €
V*. For such a splicing rule r and strings z,y, z,w € V* we write:

(z,y) Fr (z,w) Hf & =2z1u1u222,y = Y1usULY2,
2= T1U1U4Y2, W = Y1U3U2T2, (1)

for some 1, x2,y1,y2 € v

What just defined is called 2-splicing as two strings, z and w, are obtained as
output. For a 2-splicing we call z and w the first and the second output string
respectively.

In (1) it is also possible to consider only z as output. In this case the operation
is called I-splicing.

Considering a rule r as the one defined above it is possible to create r' =
uz#Hus$ui #us so that:

(y,2) bpr (w,2) ff z = z1uiusme,y = y1usuay,
Z = iU UsY2, W = Y1 U3ULT2, (2)

for some x1,z2,y1,y2 € V*



where x,y, z, w, u1, uz, ug, ug € V>,

Based on 2-splicing the notion of an H scheme can be defined as a pair o = (V, R)
where V is an alphabet and R C V*#V*$V*#V™* is a set of splicing rules. For an
H scheme and a language L C V* we define

o(L)={z € V* | (z,y) b (z,w) or (z,y) br (w, 2),
for some z,y € L,r € R,w € V*},

o’(L)=L,
oY L)=0*(L) Ua(ci(L)), i >0,
o*(L)=| ) o*(L).

i>0

The diameter of o (the concept of diameter was introduced in [3] where it was
called width) is indicated by dia(o) = (n1, ng, ng,ng), where

n; = max{|u;| | wiHu2dusH#us € R}, 1 <i <4 (3)
If we consider two families of languages F'L; and F'Lsy, we define:
H(FLy,FLy)={0c"(L)| L€ FLy No = (V,R),R € FLs}.

We denote by FIN, REG the families of finite and of regular languages respec-
tively. We have (see details in [9])

FIN C H(FIN,FIN) C REG.

An extended H system is a construct v = (V,T, A, R), where V and T are al-
phabets so that T' C V (T is called terminal alphabet), A is a language on V' (4 is
the set of azioms), and R is a set of splicing rules over V. The language generated
by 7 is L(y) = 0*(A) N T*. The diameter of an extended H system + (indicated by
dia(y) = (n1,n9,n3,n4)) is defined in a way similar to (3).

It is known by [1] and [12] that extended H systems with finite sets of axioms
and splicing rules characterize REG.

A splicing P system of degree m,m > 1, is a construct
1= (VvTa/'l‘lev"'vLM7R17"' 7Rm>a

where V is an alphabet; T C V is the terminal alphabet; u is a tree-like membrane

structure consisting of m membranes labeled in a one-to-one manner with 1,---,m;
L; CV* 1<1i<m are languages associated with the regions 1,---,m of u; R;,;1 <
i < m, are finite sets of evolution rules associated with the regions 1,---,m of u, of

the following form: (r,tar;,tars), where r = uy #us$us#uy is a 2-splicing rule over
V, #,8 ¢V and tary,tary € {here,out,in} are called target indication.

A configuration of II is an m-tuple (My,---, My,) of languages over V. For
two configurations (My,---, Mp,), (M1, --,M],) of II we write (My,---,My,) =
(My,---,M]) if it is possible to pass from (M, -, My,) to (M7,---, M],) applying



in parallel the splicing rules of each membrane of y to all possible strings of the
corresponding membrane. So for 0 < i < m if ¢ = U UPRT2, Y = YiUisUiaYio €
M; and (r = ugj#upSuiz#ui, tari, targ) € Ry, i1, Tioy Yit, Yi2, Uil s Uiy Ui3, Uis €
V*, we have (z,y) F (z,w), z,w € V*. The strings z and w will go to the regions
indicated by tar;; and tars; respectively. For j = 1,2, if tar;; = here then the
string remains in membrane ¢; if tar;; = out the string is moved to the region
immediately above membrane ¢ (if 7 if the skin membrane the string leaves the
system); if tar;; = in the string is moved to any region immediately below in
membrane ¢. Note that as strings are supposed to appear in arbitrary many copies,
after the application of rule r in a membrane ¢ the strings x and y are still available
in the same region. If a string is sent out of a membrane then no copy of it remains
here.

A computation is a sequence of transitions between configurations of a system
I starting from the initial configuration (L1, -+, Ly,). The result of a computation
is given by all strings in 7 the skin membrane sends out. All strings of this type
define the language generated by II and it is indicated by L(II).

Note that if a string is sent out of the system but it is not entirely made of
symbols in 7' it is ignored, on the other hand a string in the system composed only
by symbols in T' does not contribute to the generated language.

The depth of a P system is defined by the height of the tree (i.e. the number of
nodes of the longest path from the root to a leaf) describing its membrane structure.

The diameter of a splicing P system Il = (V, T, u, L1,--+, Ly, Ry, -+, Rp), indi-
cated by dia(Il) = (ny1,n2,n3,n4), is defined by

n; = max{|u;| | (uiFuaSus#ua;tars,tars) € Ry U--- U Ry,
tary,tare € {here,in,out}}, 1 <i <4. (4)

We denote by SPL(i/o,m,p,(n1,n2,ns,ns)) the family of languages L(II) gen-
erated by splicing P systems as above of degree at most m,m > 1, depth p,p > 1
and diameter (n1,ng, ng,n4).

It is possible to generalize the description of a P system passing from a tree
structure to a graph (different from a tree) structure. An asymmetric planar graph
is so made that for each two nodes i, j there is at most one of (¢, j), (4,7) edge. Such
a graph is a representation of a planar map such that each border segment can be
crossed in one direction only.

A splicing P system on asymmetric graph of degree m,m > 1, is a construct

II= (V;TagaLla"'7LmaR11""Rm)7

where V,T,L1,---, Ly, R1,---, Ry, are similar to the ones defined for a splicing P
system of degree m. The only difference is that tar;; € {here,out,go},1 < i <
m,j = 1,2, where here and out have the same effect as described for splicing
P systems, and go indicates that the string must go to another membrane non-
deterministically chosen among the ones to which the string can according to what



in indicated in g. The set g defines couples indicating the edges of the graph hav-
ing Lq,---, Ly, as nodes. So g defines the permitted communication between the
membranes in II.

The diameter of a splicing P system on asymmetric graph IT (indicated by
dia(II)) is defined in a way similar to (4).

We denote by SP’'L(go, m, (n1,n2,ns,ns)) the family of languages L(II) gener-
ated by splicing P systems on asymmetric graph as above of degree at most m, m > 1,
and diameter (ni,n2,ns,na).

In the next two sections we demonstrate theorems regarding the generative power
of splicing P systems and splicing P systems on asymmetric graphs. These theorems
represent an improvement of results present in [11] and [4].

3 Splicing P systems

In [11] the authors demonstrate that SPL(i/o,3,3,(1,2,2,1)) = RE (Theorem 1)
and that SPL(i/0,5,2,(1,2,2,1)) = RE (Theorem 3). In [4] the authors show that
SPL(i/o,2,2,(2,2,2,2)) = RE (Theorem 1). Hereby, using a variant of the ”rotate-
and-simulate” technique introduced in [8], we demonstrate that it is possible to have
a splicing P system generating RE keeping the degree of the system equal to 2 (so
as a consequence also the depth is 2) and the diameter equal to (1, 2, 2, 1).

Theorem 1 SPL(i/0,2,2,(1,2,2,1)) = RE

Proof. Let G = (N,T,S,R) be a type-0 Chomsky grammar in Kuroda normal
form (this means that the productions in R can be of the forms A — a,A —
CD,AC — DE or A — X where A,C,D,E € N and a € T) and B be a symbol
not in N UT. Let us assume that symbols in N UT U {B} can be numbered in
a one-to-one manner so that N UT U {B} = {a1,:--,an} and that R contains
m productions: wu; — v;,1 < i < m. Moreover R can be divided in two sets:
Ry ={u; = vi | ujy = v; € R A|u;| = 1} and Re = {u; = v; | u; = v; € R A|u;| = 2}
so that R{URy = Rand RiNRy = 0. Consider also R' = {u = u | u € {a1,+-,an}}
and that {O, X, Xl, X2, Y, Yl, Y2, Zx, ZXI'_’ ZX;" Zy, ZY1+’ ZY2+’ Z)\, Z;\} U {ZXN Zyl |
1<i<n+m}U{Y/, Zy: | u; » v; € Ry} are symbols not in N UT.

Hereby the splicing P system of degree 2, depth 2 and diameter (1, 2, 2, 1)
simulating the just defined grammar is described. For a better understanding of the
demonstration splicing rules are numbered.

H:{VaTauaLlaL27R1aR2}a
V:NUTU{O,B,X,X]_,XQ,Y,Y]_,YE,Zx,fo—,ZX;—,Zy,ZY;—,ZY;—,Z)\,Z;\}U
{Zx,,Zv, | 1< i <n+m}U{Y], Zys | ui = vi € Ro},
p=[1[2]2]1, ,
Li={XBSY, XoZyy, Zy+ Vi, X Zx, 25, 23} U {Zy,0'Y |1 <i < n+m}u
{Z{GYZ-' | U; — v; € Rz},
L2:{ZY2+Yr2,X1ZX;,-, Zyy} U {XlozUiZXi | 1 S ] S n + m},



Ri={1)(#u;Y$Zy,#;in,out) | 1 <i<n+m}U
{2)(#CY $Zy, #; here, out), 3)(#AY/$Zy #;in,out) | u; — v; € Ro}U
{4)(#ZX; $X1#t0; here,out), 5)(#0Y2$ZY1+ #;1in, out), 6)(#Zx$X1#a;in, out),
7)(#BY $Zx#; here, out), 8)(#Z)$ X #; out,out) | o € NUT U{B}},
R2:{9)(#Y1$ZY2+ #; here, out), 10)(#Zx, $ X #; out, out), 11)(#ZX;r $ Xo0#; out, out),
12)(a#Y2$8Zy #; 0ut,out) | 1 <i<n+m,a € NUT U{B}}.

During the subsequent demonstration note that all second output strings do not
have any active role in the system, so II could be based on 1-splicing.

The idea of the proof is based on the ”rotate-and-simulate” technique, classic in
H systems area. The sentential forms generated by G are simulated in II in a circular
permutation XwiBwsY, wy,wy € {N UT}*, with variants of X and Y. They will
be present in a membrane of II if and only if wsw, is a sentential form of G. It is
possible to remove the nonterminal symbol Y only with B from strings of the form
XwBY, w € {NUT}*. In this way the correct permutation of the string is ensured.

The simulation of a production in R and the rotation are done in the same way.

Assume that in membrane 1 we have a string of the form Xwu;Y with w,u; €
{N UT U{B}}* (initially we have X BSY).

If a production in Ry U R’ is simulated we have (Xw | w;Y,Zy, | o'Yy)
(Xwo'Y1, Zy,u;Y) the first output string is sent into membrane 2 while the second
is sent out of the system.

If a production in Ry is simulated we have (XwA | CY,Zy: | Y]) ko
(XwAY], Zy:CY') (the first output string remains in membrane 1 and the second
leaves the system) and then (Xw | AY;, Zy, | o'Y1) b3 (Xwo'Yy, Zy, AY]),1 < i <
n + m (the first output string is sent to membrane 2 and the second leaves the
system).

In both cases the suffix u;Y is changed with oilfl, 1 < i < n+m. The strings
leaving the system do not belong to 7™ so they do not contribute to the language
generated by II.

In membrane 2, with a string as Xwo'Y, it is possible to perform (Xwo® |
Y1, ZY2+ | Y3) Fo (Xwo'Ys, ZY2+Y1). The second output string is sent to membrane 1

where no splicing rule can be applied; the string Xwo'Ys, remaining in membrane 2,
can be spliced so to have (Xlofvj | Zx;, X | wo'Y3) Fig (XlojijOiY2,XZXj),1 <
j < n+m. Both output strings are sent to membrane 1 but only the first one can be
involved in splicing operations. A string as Xwo'Y; can also be spliced in membrane
2 by rule 10 so to have: (Xloivj | Zx;, X | wo'Y7) Fig (Xloivjwoin,XZXj),l <
7 < n+ m. Both output strings are sent to membrane 1. The second one cannot
be involved in any splicing, with the first it is possible to have (X2 | Zx,, X1 |
ojvjwoin) Fa (Xgojvjwoin,Xlez) but both strings, remaining in membrane 1,
are no longer spliced.

A string of the form X100 vjwoin can be spliced in membrane 1 so to sub-
stitute X; with Xs and oYs with Y;. This happens by (X2 | ZX;,X1 |

Iv;wo'Ys) 4 (XzoivjwoiYg,XlZX;L) (the first output string remains in mem-

brane 1 while the second is sent out of the system) and (X20/v;wo'™! | oYz, Zy, |
Yi) b5 (X20'vjwo' Y1, Zy,0Ys) (the first output string is sent in membrane 2



while the second leaves the system). In membrane 1 it is also possible to have
(X109vwo'™L | oY, Zy, | Y1) k5 (X107vjwo™1Yq, Zy,0Y3). The second output
string is sent out of the system while the first to membrane 2. Here this last string
can be spliced so to have (X;o/vjwo'™! | Y7, Zy+ | Ya2) o (X107 0wt 1Ys, Zy+11).
The first output string remains in membrane 2, the second is sent to membrane 1
and both cannot be involved in any splicing operation. The strings sent out of the
system do not belong to T* so they do not contribute to the language generated by
II.

In membrane 2 a string as X507 vjwoi_lYl can be spliced so to substitute Y;
with Y3 and Xs0 with X;. This is obtained by (XszijOi_l | Y1,ZY2+ | Y2) kg
(X207 vjwo'~1Ys, ZY2+ Y1) (the first string remains in membrane 2, the second is sent
to membrane 1 and cannot be involved in any splicing) and (X; | ZX1+,X20 |
oI v;wo' 1Y) by (Xloi_lvjwoi_le,XzoZX;L) (both output strings are sent to
membrane 1 but only the first one can be spliced). In membrane 2 it is also possible
to have (X | ZX1+,X20 | oj_lvjwoi_lYl) 11 (Xloj_lvjwoi_lYl,XzoZX;L). Both
strings are sent to membrane 1 but only the first one can be spliced with X2 Zx,
by rule 4 so to obtain Xzojflvjwoilel, remaining in membrane 1 and no more
spliced, and X; Zx, not in T* sent out of the system.

The process of decreasing the number of 0’s on the left and on the right of strings
goes on between membranes 1 and 2. At a certain point three kinds of strings can
be present: X]_’ijYQ,X]_OkijY2 in membrane 1 and XQijole in membrane 2,
1<k<n+m-1.

As described before a string as Xlokvijz can be spliced with X7 X7 by rule

4 so to obtain Xzokvijz, remaining in membrane 1 and no more spliced, and
X1ZX; & T* sent out of the system.

In membrane 2 a string as X2vjwo’“Y1 can change the suffix Y; with Y5 by rule
9 and the string ZY2+Y2. The output strings szjwokyz, remaining in membrane 2,
and ZY2+ Y1, sent in membrane 1, are no longer used.

The string X;v;wY2 can be spliced in membrane 1 so that (X | Zx,X; |
vjwYs) b¢ (XvjwYs, X1Zx). The first output string is sent to membrane 2 while
the second (not in T™*) out of the system. In membrane 2 it is possible to have
(Xvjw | Y, Zy | Y) k12 (XvjwY, ZyYs). Both output strings are sent to membrane
1 but only the first one can be involved in splicing operations.

What it was just described is the process to pass from Xwu;Y to Xv;jwY sim-
ulating a production in R or rotating the substring between X and Y with one
symbol.

At any moment a string of the form XwY can be spliced in membrane 1 by rules
7 and 8.

If (| Zy,X | wY) kg (wY, X Z)) is performed, the first output string, sent out
of the system, does not contribute to the language generated by Il as Y & T'; the
second output string remains in membrane 1 and cannot be involved in any splicing.

Ifw=2aB,z € {NUT}* then (Xz | BY, Z) |) b7 (X2, Z\BY) can be performed.
The first output string, remaining in the same membrane, can be involved in (|



Zy,X | ) ks (z,XZ)). The strings =, ZyBY and XZ) are sent out of the system
but only x can contribute to the language generated by II.

If x € T* the system II has simulated a derivation of G.

In the initial configuration of membrane 2 no splicing can be performed.

As just demonstrated all derivations in G can be simulated in IT and, conversely,
all correct computations in IT correspond to correct derivations in G. As we only col-
lect strings in 7 leaving the system II, we have L(G) = L(II) proving the theorem.

Considering the definitions (2) and (4) it is easy to see that
SPL(i/o,2,2,(2,1,1,2)) = RE. The proof is similar to the one of Theorem
1 where for each rule the target indications are switched.

4 P systems on asymmetric graphs

By SP'L(go,*) we denote the union of all families SP'L(go,m),m > 1. In [11] the
authors demonstrate that SP'L(go,*) = RE (Theorem 9). Hereby we improve this
result demonstrating that SP'L(go,3) = RE and, considering that SP'L(go,1) =
SP'L(go,2) = REG (Theorem 7 in [11]), our result is minimal concerning the
number of membranes used.

A simple way to prove that SP'L(go,3,(1,2,2,1)) = SP'L(go,3,(2,1,1,2)) =
RE is using Theorem 1. If we consider the graph and the planar map represented
in Figure 1 we can imagine that membranes 1 and 2 have the same languages and
similar set of evolution rules of membranes 1 and 2 (respectively) present in Theorem
1. Membrane 3 is only used to pass strings from membrane 2 to membrane 1 without
changing them. Each splicing rule present in Theorem 1 and containing in as target
indication is present in the P system on asymmetric graph with go instead of in,
the other target indications are not changed.

Figure 1: Graph system and planar map in the proof of Theorem 2

The language associated with membrane 3 is {Z} and the set of evolution rules
is {13)(a#8Z#;go, here) | a € {Y,Y1,Y2,Zx, | 1 < i < n+ m}}. The passage
of strings from membrane 2 to membrane 1 is made through membrane 3: the
first output string is sent to membrane 1, the second, Z, remaining in membrane
3, belongs to its language. No splicing is possible in the initial configuration of



membrane 3.

Keeping the number of membranes equal to 3 it is possible to reduce the diameter
of a P system on asymmetric graph generating RE.

Theorem 2 SP'L(go,3,(0,2,1,0)) = SP'L(go,3,(1,0,0,2)) = RE.

Proof. We only prove that SP'L(go,3,(0,2,1,0)) = RE, the other equality can be
obtained using this proof and definitions (2) and (4).

Let G = (N, T, S, R) be a type-0 Chomsky grammar in Kuroda normal form (this
means that the productions in R can be of the form A —+ a,A - CD,AC — DE
or A — X\ where A,C,D,E € N and a € T) and B be a symbol not in N UT.
Let us assume that symbols in N UT U {B} can be numbered in a one-to-one
manner so that NUT U {B} = {1, --,a,} and that R contains m productions:
u; = v;,1 < i < m. Moreover R can be divided in two sets: R; = {u; — v; |
ui > v € R Ayl =1} and Ry = {u; — v; | uj = v; € R A |u;| = 2} so that
Ry URy = R and Ry N Ry = 0. Consider also R' = {u — u | u € {a1,---,an}}
and that {X, XI, Y, YI, Zx, ZXI, Zy, ZYI, Z)\, Z/I\} U {Xu Y;‘, Zi7 ZXNZYz- | 1 < 1 <
n+m}U{Y/, Zy: | u; — v; € Ry} are symbols not in N UT.

Hereby the Plsystem on asymmetric graph of degree 3 and diameter (0, 2, 1, 0)
simulating the just defined grammar is described. For a better understanding of the
demonstration splicing rules are numbered.

N={V,T,g, L1, L2, L3, Ry, R, R3},
V=NUTU{B,X,X".Y,Y', Zx, Zx:, Zy, Zy', Zx, Z\}U
{Xi,Yé,ZzHZX“ZYi | 1<:<n+ m} U {Y;-’,Zyil | U; — V; € Rz},
9={(1,2),(2,3), (3, 1)},
Li={XBSY,X'Zx1, Zy, Z\} U{Zy,Y; | 1< i <n+m}U
{XiZXi | 1 §i§n+m—1}U{ZYi:Yi’ | u; = v; € Ra},
L2:{ZY1Y,}U{XiUiZi | 1 SZSn-I-m}U{Zle; ‘ 1<i:<n+m-— 1},
L3={XZX,ZyY} U {X'LZXl | 2<i1<n+ m},
Ri={1)(#u;Y$Zy,#; go,out) | 1 <i<n+m}U
{2)(#HCOY $Zy: #; here, out), 3)(#AY;'$ Zy,#; go, out) | u;i — v; € Ra}U
{4)(#Zx,_,$Xi#;go,0ut) |2 <i <n+m}U
{5)(#Zx:8X1#; go, out), 6)(#BY $Z\#; here, out), T)(#Z\$ X #; out, out) },
Ro={8)(#2Z;8X#;90,90) | 1 <i<n+m}U
{9)(#Yi82Zy;_,#; 90, 90) | 2 < i <n+m} U{10)(#Y18Zy#; go, go)},
Ry={11)(#Zx,$X;#;go, here) |2 < i <n+ m}U
{12)(#Zx $X'#; go, go), 13) (#Y "8 Zy #, here, go}

The idea of the proof is again based on the ”rotate-and-simulate” technique.
The sentential forms generated by G are simulated in II in a circular permutation
XwiBwY,wy,we € {N UT}*, with variants of X and Y. They will be present in
a membrane of II if and only if wow; is a sentential form of G. It is possible to
remove the nonterminal symbol Y only with B from strings of the form XwBY,
w € {N UT}*. In this way the correct permutation of the string is ensured.

The simulation of a production in R and the rotation are done in the same way.



Assume that in membrane 1 we have a string of the form Xwu;Y with w,u; €
{NUTU{B}}* (initially we have XBSY).

If a production in Ry U R’ is simulated we have (Xw | wY,Zy, | V;) 1
(XwY;, Zy,u;Y') the first output string is sent into membrane 2 while the second
is sent out of the system.

If a production in R is simulated we have (XwA | CY,Zy: | Y]) ko
(XwAY/, Zy:CY') (the first output string remains in membrane 1 and the second
leaves the system) and then (Xw | AY!, Zy, | Ys) b3 (XwY;, Zy, AY}) (the first
output string is sent to membrane 2 and the second leaves the system).

In both cases the suffix u;Y is changed with Y;,1 < ¢ < n + m. The strings
leaving the system do not belong to 7™ so they do not contribute to the language
generated by II.

In membrane 2, with a string as XwYj, it is possible to perform (X;v; | Z;, X |
wY;) b (Xjv;wY;, X Z;) (for some 1 < j < n+ m), and both strings are sent to
membrane 3, where only the first can be involved in splicing operations.

A string as X;v;wY; is spliced so to decrease the value of the subscripts of X and
Y until special situations are present. The subscript of X is decreased in membrane
1, the one of Y in membrane 2; membrane 3 is simply used to pass strings during
this process.

So when a string of the form X;v;wY;,2 < j <n + m is present in membrane 3
it is moved to membrane 1 by (X; | Zx;, X; | v;wY;) Fu1 (Xjv;wY;, X;Zx,). The
string X;Zx,, remaining in membrane 3, belongs to its language.

In membrane 1 it is possible to have (X;—1 | Z;_1,X; | vjwY;) F4
(Xj—1vjwY;, X;Z;_1). The first output string is sent to membrane 2, the second
leaves the system (but do not contributes to the language generated by II as it is
not in 7).

A string as X;_jv;wY; can be spliced in membrane 2 so to have (X;_;v;w |
Yi,Zi 1 | Yi1) Fo (Xj_svjwY;_1,Z;1Y;), both output strings are sent to mem-
brane 3 but the second one cannot be involved in any splicing.

Decreasing the subscripts of X and Y it is possible to have: X;v;wY} in mem-
brane 1 and XpvjwY; in membrane 2, where 2 < k < n 4+ m. Considering that X
and Y7 can be substituted by X’ and Y’ respectively by rules 5 and 10, it is also
possible to have X'v;wY”’ in membrane 3.

In the first case (X' | Zx/, X1 | vjwYy) b5 (X'vjwYy, X1Zx+) is performed.
The string X1 Zx is sent out of the system and do not contributes to the language
generated by IT as it is not in 7. The first output string is sent to membrane 2 where
the subscript of Y is decreased so to have X'vjwY}_; which is sent to membrane 3.
Here X' is substituted with X by (X | Zx, X' | vjwYk_1) F12 (XvjwYy_1, X' Zx).
Both strings are sent to membrane 1 and no splicing can be performed on them.

In the second case the Y1 in X;v;wY; is substituted with Y’ in membrane 2 by
(Xpvjw | Y1,Zyr | Y') 19 (XpvjwY', Zy1Y1) and both output strings are sent to
membrane 3. Here only the first one can be involved in a splicing operation changing
Y'inY: (Xgvjw |Y', Zy | Y) F13 (XpvjwY, ZyY'). The first output string remains
in membrane 3, the second is sent to membrane 1. In both cases no splicing can be



performed on them.

In the third case two directions of splicing are possible. If (X | Zx,X' |
vjwY') ki (XvjwY',X'Zx) is performed the two output strings are
sent to membrane 1 where no splicing rule can be applied on them. If
(X'vjw | Y, Zy | V) b3 (X'vjwY,ZyY') is performed the second output
string is sent to membrane 1 where no splicing can be performed on it. The string
X'vjwY remains in membrane 3 where X' can be changed with X by rule 12 so to
obtain Xv;wY and X'Zx both sent to membrane 1. Here the string X'Zx cannot
be involved in any splicing.

What just described is the process to pass from Xwu;Y to Xv;wY simulating
a production in R or rotating the substring between X and Y of one symbol.

At any moment a string of the form XwY can be spliced in membrane 1 by rules
6 and 7.

If (| Z),X | wY) b7 (wY,XZ)) is performed the first output string, sent out
of the system, does not contribute to the language generated by Il as Y & T'; the
second output string remains in membrane 1 and cannot be involved in any splicing.

Ifw=aB,z € {NUT}* then (Xz | BY, Z) |) ¢ (Xz, Z\BY') can be performed.
The first output string, remaining in the same membrane, can be involved in (|
Zy, X | ) b7 (,XZ)). The strings z, ZyBY and X Z) are sent out of the system
but only x can contribute to the language generated by II.

If x € T*, the system II has simulated a derivation of G.

If we consider the three membranes in their initial configurations we can see that
the splicing operations that can be performed do not produce any terminal string.

In membrane 1 it is possible to have (X; 1 | Zx,_,,Xi | Zx;) Fa
(Xi—lzX.iaXiZX,-,l) and (XI | ZXI,Xl | ZX1) |—5 (X’ZXl,X1ZXI). In both cases
the first output strings are sent to membrane 2 where no splicing can be performed;
the second leaves the system but do not contribute to the language generated by II
as not terminal.

In membrane 2 the splicing operation (Zy; | Y;, Zyv;_, | Yi-1) o (Zv;Yi-1, Zv,_,Y3)
generates two strings sent to membrane 3 and no longer used.

In membrane 3 it is possible to have (X; | Zx,, X; | Zx;) Fu1 (XiZx,, XiZx,)-
The first output string is sent to membrane 1 while the second, remaining in mem-
brane 3, belongs to its alphabet. In membrane 1 the use of the rule 4 brings to
(Xz'—l | Zz'—laXi | ZX,;) |_4 (Xi—lzX,;aXiZi—l)- The first output StI‘iIlg is sent to
membrane 2 and no longer used; the second leaves the system but do not contribute
to the language generated by II as not terminal.

As just demonstrated all derivations in G can be simulated in IT and, conversely,
all correct computations in II correspond to correct derivations in G. As we only
collect strings in 7™ leaving the system II, we have L(G) = L(II) proving the theo-
rem.



5 Final remarks

We have considered P systems based on splicing having a tree or a graph as structure.
In both cases improvements of theorems demonstrating their generative capability
were found. In particular our result concerning splicing P systems on asymmetric
graphs is minimal concerning the number of membranes used.

It remains open the question if the diameter used to generate RE families of
languages is minimal. Moreover the characterization of families of languages between
REG and RE is open to investigations.
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