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Abstract

We investigated the population dynamics of
such tritrophic interactions using a model of
Abstract chemistries, Abstract Rewriting sys-
tem of Multi-Sets (ARMS) which is a new re-
search method in Complex Systems and Ar-
tificial Life. In ARMS model, we regarded
a tritrophic interaction mediated by herbivore-
induced plant volatiles that attract carnivorous
natural enemies of herbivores as chemical reac-
tions of four reagents (plants, herbivores, carni-
vores and volatiles). The intensity of interac-
tions between individuals corresponded to reac-
tion speed in the ARMS model. We compared
the case where plants produce herbivore-induced
volatiles vs the case where they do not with the
model. Further, by changing the reaction speed,
we found that there was a case where herbivore-
induced volatiles that attract carnivores resulted
in the population increase of the herbivores. We
will discuss several conditions in tritrophic inter-
actions that differently affect the population den-
sity of plants, herbivores and carnivores based on
the prediction by the ARMS model.

1. Introduction

A phenomenon that plants respond to herbivore feed-
ing activities by producing volatiles that in turn attract
carnivores enemies of the herbivores has been reported
recently(2, 4). These volatiles are not the mere result of
mechanical damage, but are produced by the plant as a
specific response to herbivore damage.

In mathematical ecological studies concerning with
the system, one notable study is that of, Sabelis and

de Jong(1996)(6) who reported that, when herbivore-
induced volatiles profitable for plants, the kinds of the
volatiles become polymorphic within species. They use
game theory and show that ESS corresponds to the case
when each species of plant produces the volatiles in poly-
morphic way.

In order to investigate the population dynamics of the
tritrophic systems, we introduce an abstract rewriting
system on multisets, Abstract Rewriting System on Mul-
tisets (ARMS) (7, 8). This system is modeled as an
abstract chemical system which is new research field in
Artificial life and Complex systems.

In ARMS model, we regarded a tritrophic interaction
mediated by herbivore-induced plant volatiles that at-
tract carnivorous natural enemies of herbivores as chem-
ical reactions of four reagents (plants, herbivores, car-
nivores and volatiles). The intensity of interactions be-
tween individuals corresponded to reaction speed in the
ARMS model. We compared the case where plants pro-
duce herbivore-induced volatiles vs. the case where they
do not with the model. Further, by changing the reaction
speed, we found that there was a case where herbivore-
induced volatiles that attract carnivores resulted in the
population increase of the herbivores. In ARMS, a reac-
tion rate is realized as the frequency of applying a rule.

2. ARMS

We will introduce the multiset rewriting system, “Ab-
stract Rewriting system on MultiSets” in this section.
Intuitively, ARMS is like a chemical solution in which
molecules floating on it can interact with each other ac-
cording to reaction rules. Technically, a chemical solu-
tion is a finite multi-set of elements denoted by A* =
{a,b,...,},; these elements correspond to molecules. Re-
action rules that act on the molecules are specified in



ARMS by rewriting rules. As to the intuitive meaning
of ARMS, we refer to the study of chemical abstract ma-
chines (1). In fact, this system can be thought of as an
underlying “algorithmic chemistry (3).”

Let A be an alphabet (a finite set of abstract symbols).
The set of all strings over A is denoted by A*; the empty
string is denoted by A. (Thus, A* is the free monoid gen-
erated by A under the operation of concatenation, with
identify A.) The length of a string w € A* is denoted by
|w].

A rewriting rule over A is a pair of strings (u,v), u,v €
A*. We write such a rule in the form v — v. Note that
u and v can also be empty. A rewriting system is a pair
(A, R), where A is an alphabet and R is a finite set of
rewriting rules over A.

With respect to a rewriting system v = (A, R) we
define over A* a relation = as follows: z — y iff
r = xziuzy and y = xive,, for some z1,z9 € A* and
u — v € R. The reflexive and transitive closure of this
relation is denoted by =*. A string z € A* for which
there is no string y € A* such that x =— y is said to
be an dead one (in other words, from a dead string no
string can be derived by means of the rewriting rules).

i, From now on, we work with an alphabet A whose
elements are called objects; the alphabet itself is called a
set of objects.

A multiset over a set of objects A 1s a mapping M :
A — N, where N is the set of natural numbers, 0, 1,
2,.... The number M (a), for a € A, is the multiplicity of
object a in the multiset M. Note that we do not accept
here an infinite multiplicity. The set {a € A | M (a) > 0}
is denoted by supp(M) and is called the support of M.
The number ) ., M(a) is denoted by weight(M) and
is called the weight of M.

We denote by A# the set of all multisets over A, in-
cluding the empty multiset, @, defined by #(a) = 0 for
all a € A.

A multiset M A — N, for A =
{ai,...,a,}, can be naturally represented by the string
ajlw(al)aéw(az) . .aM@) and by any other permutation
of this string. Conversely, with any string w over A we
can associate a multiset: denote by |w|,, the number of
occurrences of object a; in w, 1 < i < n; then, the mul-
tiset associated with w, denoted by M,,, is defined by
My(a;) = |wlg;, 1 <1< n.

The union of two multisets My, My : A — N is the
multiset (M;UM,) : A — N defined by (M1UM>s)(a) =
Mi(a) + Ms(a), for all a € A. If Mi(a) < Ms(a) for
all @ € A, then we say that multiset M; is included in
multiset M5 and we write My C M5. In such a case, we
define the multiset difference M;— My by (Ma—M;)(a) =
Ms(a) — My(a), for all @ € A. (Note that when M; is
not included in My, the difference is not defined).

A multiset rewriting rule (we also use to say, evolution
rule) over a set A of objects is a pair (My, M>), of ele-

ments in A# (which can be represented as a rewriting
rule wy — wsq, for two strings wy,ws € A* such that
My, = My and M,, = Ms). We use to represent such
a rule in the form M; — M.
An abstract rewriting system on multisets (in short, an
ARMS) is a pair
I'=(4,R)

where:
1. A is a set of objects;

2. R is a finite set of multiset evolution rules over A;

With respect to an ARMS T, we can define over A% a
relation: (=): for M, M’ € A# we write M = M iff

M' =(M—-(M;U...UMp)U(M{U...UM;,,)

for some M; — M} € R,1 < i < k,k > 1, and there is
no rule M; — M/ € R such that M, C (M — (M;U...U
My)); at most one of the multisets M;,1 < i < k, may
be empty.

With respect to an ARMS T = (A, R) we can define
various types of multisets:

— A multiset M € A# is dead if there is no M’ € A#
such that M = M’ (this is equivalent to the fact
that there is no rule My — M5 € R such that M; C
M).

— A multiset M € A# is initial if there is no M’ ¢ A#
such that M’ = M.

2.1 How ARMS works

Example In this example, an ARMS is defined as fol-
lows;

I = (AR),
A = {a’bJ c’ d)el f}?
R = {a,aq,a—c:r,b—d:ry,c—e:rs

d— f,f:ra,a—abba:rs, f— h:rg,}.

The set  of  the  rewriting  rules, R
is {ry,r9,73,74,75,76}. We assume the maximal mul-
tiset size is 4 and the initial state is given by {a,a,b,a}.
In ARMS, rewriting rules are applied in parallel. When
there are more than two applicable-rules, then one rule
is selected randomly. Figure 1 illustrates an example of
rewriting steps of the calculation from the initial state.

At the first step, the left hand side of rule of 1, 7o and
r5 are included in the initial state. In the next step, r3
and r4 are applied in parallel and {¢, d} is rewritten into
{e, f,f}. In step 3, by using rg, {e, f, f} is transformed
into {e, h, h}. There are no rules that can transform the
multiset any further so, the multiset is in a dead state.



{an) a? a} g a7 a} a’ a, b
1 (the left hand side of ry, 7, rs)
{e,d} C ¢, d (the left hand side of r3,ry)
l
{e, f, [}

|
{e,h,h}

C f (the left hand side of r¢)

There are no rule to apply, it reaches
the death state

Figure 1: Example of rewriting steps of ARMS

3. Implementing the system by using
ARMS

In this section, we model the tritrophic system by using
ARMS. We assume the symbol “a” as aleaf, “b” as a her-

bivore, “d” as a carnivorous and “c”

as a certain density
of herbivore-induced volatiles that attract carnivores, re-
spectively. Furthermore, we add “e” as an “empty state”
in order to introduce “death state.” A plant is defined
implicitly as the certain number of leaves. Evolution rule

R is defined as follows;

a B o4 om (increasing leaves),

ab %2 bbe 1 (a herbivore eats a leaf),

dbe %2 dd r3 (a carnivou catches herbivore),
d 5o ry (the death of a carnivous),
b rs (the death of a herbivore).

k1...ks denotes reaction rate that correspond to the fre-
quency of rule application. For example, when k4 = 0.1
and k5 = 0.2 then r5 will be applied twice as much as
r4. ko is defined according to the state of multiset. It is
defined as follows;

M (b)

k2 = Sf(a) ¥ M) + Me) + M(d) % M(e)

The 7y corresponds to sprout and growth of a plant,
r9 to the case when a herbivore eats a leaf and the leaf
generates volatiles, r3 to a carnivorous catches herbivore,
r4 to the death of a carnivorous and rs to the death
of a herbivore, respectively. The 72 denotes the case
when there exists a leaf (&), a herbivore eats the leaf
and breeds there (b). Then the leaf produces volatiles
compound (¢) that will attract carnivorous. rz denotes
the case when there is a herbivore () with the volatiles
(¢), a carnivorous “d” is attracted by it and catches the
herbivore and breed there (dd). The breeding rate of
carnivorous is expressed as changing the number of right

hand side of ds, such as dbc 2 dddd.

By using this model, we compared the case when
leaves generate volatiles to does not. The evolution rules
of the system without volatiles R is defined as follows;

ol
o

a =2 aa ks (increasing leaves),
ab 52 bb k; (a herbivore eats a leaf),
db 52 dd ke (a carnivou catches herbivore),
d 5B e (the death of a carnivorous),
bR, kio (the death of a herbivore).

We set reaction rates of ki, ka4, ks, ks, kg and k1o as
0.5, 0.1, 0.1, 0.5, 0.1 and 0.1, respectively.

4. Simulation and results

In both Ry and R,, the symbiotic relation consisting of
plants, herbivore and carnivores (figure 4.) can be found.
It is interesting that Ry (the system without volatiles)
is likely to lose the relation under the same conditions
(the number of plants, herbivores and carnivores in the
initial state, reaction rate of r3 and rg).
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Figure 2: The symbiotic relation consisting of plants, herbi-
vores and carnivores (Ry,rs = 0.55)

Figure 4. illustrates the symbiotic relation consisting
of plants, herbivores and carnivores, R; is used and in
the initial state, the population size of plants is 200,
hervibore is 20, carnivores 10.

On the other hand, figure 4. illustrates that the case
when Rs 1s used under the same conditions as R; used.
In this case, at first herbivores extinct thus carnivores
can not survive.

The time course of population size of plants, herbi-
vores and carnivores of Ry (figure 4.) is very different
from R, (figure 4.). In R; there are three attractors
around (a, b, ¢) = (200, 100, 22)(1), (180, 105, 27)(2),
(150, 120, 46)(3). At first the time course is attracted
by (1) then (2) and finally (3). On the other hand in
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Figure 3: The case when the symbiotic relation is lost
(RQ, T8 = 055)

R, the course is attracted around (120, 200, 82), but
departs from there in the long run.

The number of a,b,c

Figure 4: The time course of the population size of plants
(a), herbivores (b) and carnivores (c) (R1,rs = 0.55)

These results show that the system with volatiles
(plants produce volatiles) is more robust than the other.
Thus, we are going to investigate the role of volatiles
furthermore.

4.1 The role of volatiles

In the simulation, k3 and kg are changed from 0.1 to
0.9 and in the initial state the number of herbivores is
set to 100. Then the correlation between population
size of herbivores and the value k3, ks are observed. In
R1, ks is regarded as the ability of volatiles attracting
carnivorous and in Ry the ability of carnivore’s finding
herbivores, respectively. When the value becomes larger
each ability is strengthen.

When the k3 and kg are equal to 0.1 the population
of herbivores increases. In this case, the number of her-
bivore in R; is larger than Rs’s. When r3 and rg are
equal to 0.1, the averages of the number of herbivores

The number of a,b,c

Figure 5: The time course of the population size of plants
(a), herbivores (b) and carnivores (c) (until the plants extinct
R2, s = 0.55)
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Figure 6: The number of herbivores of R; and R (ks = 0.1)

after 1000 steps are respectively 141.96 and 163.31 (ta-
ble 1, in 100 trials). Hence, when leaves produce volatiles
herbivores are more caught by carnivorous than do not
produce it (figure. 4.1).

ks, ks 0.1 0.2 0.3 0.4 -0.9
Ave.(ks) | 14196 49.79 49.75 49.77 49.00
Ave.(ks) | 163.31 2.43 0.00 0.00 0.00

Table 1: The average of the number of herbivores after 1000
steps.

But, when ks and kg are more than 0.2, the number
of herbivores decrease. It is noticed that population size
of herbivore is reversed. It denotes that when leaves do
not generate volatiles, the number of herbivores are more
increased than generate it (figure 4.1). This tendency
are kept during k3 and kg are more than 0.9 (figure 4.1).
When k3 and kg exceed 0.2, Ry’s herbivore must extinct,
however, R;’s herbivore never extinct (figure 4.1).

We set the population size of herbivore to 100 in the
initial state, and observed the number of herbivore af-
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Figure 7: The number of herbivores of Ry and R> (ks = 0.8)
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Figure 8: The correlation among the number of volatiles, the
number of herbivore of R; (with volatiles) and R, (without
volatiles), (ks and ks are 0.2)

ter 1000 steps. We repeat the simulation 100 times on
each value and observe the average step when herbivore
extinct. The average of the number of herbivore’s ex-
tinction shows that herbivores of R; never extinct and
Ry’s must extinct when k3 exceeds 0.1.

5. Discussion

Throughout the simulation, we discovered that herbi-
vores could keep their population for at least 1000 gen-
erations in the system where the infested leaves gener-
ated the volatiles, whereas the herbivores were extermi-
nated by the carnivores in around 100 generations in the
system where leaves did not do so. In our model, the
carnivores that use the volatiles to find the herbivores
are not able to find their victims in a plant from which
the volatiles were emitted under the detectable level for
carnivores. This is probably the reason why the herbi-
vores survived in the system where leaves generated the
carnivore attractant.

This result suggests the possibility that herbivores in-
duce the volatiles for their survival. This may be true
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Figure 9: The average value of herbivore extinction of R:
and R;. The horizontal axis illustrates the value of ks and
ks and the vertical axis illustrates the average of the number
of survived cases in 1000 trials

in the tritrophic system consisting of plants, two-spotted
spider mites (Tetranychus urticae) and predatory mites
(Phytoseiulus persimilis) (Dicke et al. 1998). Two-
spotted spider mite is a tiny (ca. 0.6 mm) herbivore.
However, due to their rapid population increase on a
plant, they tend to overexploit the plant. A kidney bean
leaf infested by the spider mites started emitting volatiles
that attract predatory mites P. persimilis (Maeda et al.
1998). Once in the prey colony, P. persimilis overexploit
the spider mites. However, the volatiles were induced

only after the spider mites increased over certain number
per leaf (ca. more than 100-300 females per small plant)
(Maeda et al. in prep) and there will be a time lag be-
tween the emission of the volatiles and the visitation by
the predatory mites. Thus, the spider mites of the next
generation that disperse from the current patch before
the plant start emitting the volatiles can be free from the
predator. Such spider mites will establish a new colony
nearby. At the same time, the original colony may be
exterminated by the predators. This cycle may be one
of the defense strategies of the two-spotted spider mites
against the predatory mites that search for them with
the volatiles, and may be applicable for the prediction of
the model. We will test this in the future experiments.

6. Conclusion

We proposed a new rewriting model, ARMS and ap-
plied it in order to investigate an ecological system that
plants respond to herbivore feeding activity by producing
volatiles that in turn attract carnivorous natural enemies
of the herbivores. Throughout a simulation we obtain an
interesting result that the possibility that herbivores in-
duce the volatiles for their survival.
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