Computing with Membranes:
One More Collapsing Hierarchy
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Abstract. We prove that the hierarchy on the number of membranes in P systems with
worm-objects, as introduced in [1], collapses: systems of degree six suffice in order to generate all
recursively enumerable sets of natural numbers.

1 Introduction

P systems are a class of distributed parallel computing models introduced in [3], inspired from
the way the alive cells process chemical compounds, energy, and information. In short, in the
regions delimited by a membrane structure, one places multisets of objects, which evolve according
to evolution rules associated with the regions; a computation consists of transitions among system
configurations; the result of a halting computation is the number of objects present in the final
configuration in a specified output membrane. Details can be found in [3], [4]. When membrane
division is allowed, NP-complete problems can be solved in linear time, [2].

The objects in a P system can be identified by symbols in or by strings on a given alphabet;
in the latter case we do not use multisets, but we work with usual languages (the result of a
computation is a language, too). A combined variant was proposed in [1] (under the name of
P systems with worm-objects): one works with multisets of string-objects and one considers the
result of a computation as the number of strings in a given output membrane. As operations
able to increase and decrease the number of strings one uses replication, splitting, mutation, and
recombination.

It is proved in [1] that (1) such systems are computationally complete (they can compute all
recursively enumerable sets of natural numbers) and that (2) they can solve the SAT problem in
linear time (without using membrane division). The proof of the computational completeness from
[1] does not provide a bound on the number of membranes; this is formulated as an open problem
in [1]. We solve this problem here: the hierarchy collapses, six membranes suffice.

2 P Systems with Worm-Objects

We start by recalling the definition of P systems with worm-objects, as introduced in [1].

Given an alphabet V', we consider the following operations on strings over V:

1. Replication. If a € V and uy,us € VT, then r : @ — uy|ug is called a replication rule. For
strings w1, ws, w3 € V1 we write w; =, (w2, ws3) (and we say that w; is replicated with
respect to rule r) if w; = z1az9, we = T1U1T2, W3 = Tiusxs, for some x1,x2 € V*.
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2. Splitting. If a € V and uj,us € V', then r : a — uq|ug is called a splitting rule. For strings
wi,we, w3 € VT we write w; =, (we,ws) (and we say that w; is splitted with respect to
rule r) if wy = z1aze, we = T1U1, W3 = Ugxe, for some z1, 9 € V*.

3. Mutation. A mutation rule is a context-free rewriting rule, r : ¢ — u, over V. For strings
wy,we € VT we write wy =, wy if w1 = z1a19, We = T1UT2, for some 1,79 € V*.

4. Recombination. Consider a string z € V* (as a crossing-over block) and four strings w1, ws,
w3, wy € V. We write (w1, ws) =, (w3, wy) if wy = z12T9, wy = Y12y, and w3 =
T12Y2, W4 = Y1222, for some z1, 2, y1,y2 € V™.

When no ambiguity appears, the rule r and the block z are not specified when writing —.
Note that replication and splitting increase the number of strings, mutation and recombination
not.

We work here only with multisets o : V* — N such that only finitely many elements have a non-
null multiplicity, thus we can specify o in the form A = {(z1, s1),..., (zk, sk)}, where z;,1 <17 < k,
are those elements of V* for which o(z;) = s; > 0.

A membrane structure will be represented by a string of matching labeled parentheses (those
corresponding to the tree which describes the membrane structure).

A P system (of degree m, m > 1) with worm-objects is a construct

II= (‘/,,U,,Al,... 7Am7 (Rl,SbMIaCl)a"' ’ (Rm,SmaMmaCM)7i0)a

where:

— V is an alphabet;

4 is a membrane structure of degree m (that is, with m membranes);

Ay, ..., Ay, are multisets of finite support over V*, associated with the regions of yu;
— for each 1 <1 <m, R;,S;, M;, C; are finite sets of replication rules, splitting rules, mutation
rules, and crossing-over blocks, respectively, given in the following forms:
a. replication rules: (@ — w1 ||ug; tary, tars), for tary, tary € {here,out}U{in; | 1 < j <m};
b. spliting rules: (@ — wu1|ug;tary, tary), for tary,tary € {here,out} U {in; | 1 < j <m};
c. mutation rules: (a — u;tar), for tar € {here,out} U {in; | 1 < j < m};
d. crossing-over blocks: (z;tari,tars), for tary,tary € {here,out} U {in; |1 < j < m};
— 19 € {1,2,...,m} specifies the output membrane of the system; it should be an elementary
membrane of y, that is, a membrane containing no other membrane.

The (n + 1)-tuple (u, A1,...,A,,) constitutes the initial configuration of the system. By ap-
plicating the operations defined by the components (R;,S;, M;,C;),1 < i < m, we can define
transitions from a configuration to another one. This is done as usual in P system area, according
to the following principles:

1. The work of the system is synchronized, in each time unit, in each region, all strings which
can be processed are processed.

2. The rules to be used and the copies of strings to be processed are choosen in a nondeterministic
manner.

3. A string which enters an operation is “consumed” by that operation, its multiplicity is de-
creased by one. The multiplicity of strings produced by an operation is accordingly increased.



4. A string is processed by only one operation. For instance, we cannot apply two mutation
rules, or a mutation rule and a replication one, to the same string.

5. The strings resulting from an operation are communicated to the region specified by the
target indications associated with rules: here means that the string remains in the same
region where the rule has been applied, out means that the string is sent out of that region
(in this way, a string can leave also the skin membrane), while in; means that the string is
sent to membrane j, providing that this membrane is adjacent to the region where the rule
is applied, directly inside this region; if there is no such a membrane with label j, then the
rule cannot be applied.

A sequence of transitions, starting from the initial configuration, is called a computation. A
computation is complete if it halts, no further rule can be applied to strings in the last configuration.
Tts result consists of the number of strings in region %y at the end of the computation. A non-halting
computation provides no output. For a system II, we denote by N (II) the set of numbers computed
in this way. By NCP,,,m > 1, we denote the sets of numbers computed by all P systems with at
most m membranes. When the number of membranes is not bounded, the subscript is removed.
We also denote by [RE the family of recursively enumerable sets of natural numbers (they are the
length sets of recursively enumerable languages).

3 A Collapsing Hierarchy

In [1] it is proved that each recursively enumerable set of natural numbers is in NCP and one asks
whether or not the hierarchy NCP; C NCP, C ... C NCP is infinite. We solve here (in negative)
this problem.

Theorem 1. [RE = NCP,, = NCP, for all m > 6.

Proof. 1t is sufficient to prove that the length set of any given recursively enumerable language
is in NCPs. To this aim, let us consider a type-0 Chomsky grammar G = (N,T, S, P) in the
Kuroda normal form, that is, with the rules in P of one of the following forms: A — AB, A —
a,A— N\, AB = CD, for a € T and A, B,C,D € N. Each non-context-free rule is supposed to be
labeled in a one-to-one manner with elements from a given set of labels.

We construct the P system of degree 6

II= (ValJ‘aAla .- 3A67 (R17 517 M17 Cl)a LR (R67 567 M67 06)74)7

with:
1. V=NUTU{X,X")Y,Z, ¢ f,{}U{B,,B'"|r: AB — CD € P}.

2. M:[1 [2 [3 [4]4]3 [5 [6]6]5]2]1'
3. Ay ={(SY,1)},
A¢ ={(B.B',1) |r: AB — CD € P},
Ay =A3=A1=A45=0.
4. Ry ={(a = Z||f;in2,inz) | a € T},
S1 = {(a — alc; here, here) | a € T},
M, = {(A — A;here) | A€ N},
Cy = 0.
5. Ry =0,
Sy ={(A = CDX|B,;;ins,ins) | r: AB — CD € P},



My = {(A — z;here) | A >z € P}U{(B, = X;ing) |r: AB— CD € P}
U{(a— fihere) | a € TYU{(Y = Xout), (f — fring), (1 — ;here)},
Cy = 0.
6. R3 =S5 =10,
M = {(X" = Nout), (f = frind)},
Cs = {(X;in4,inq)}.

7. Ry= 8, =10,
My ={(X = X";0ut)} U{(A — A;here) | A € N},
Cy = 0.
8. Rs =55 =10,
Ms = {(B — B';ing), (B' = Xjout) | Be€ N}U{(Y — T;here), (1 — t;here)},
Cs = 0.
9. Rg =56 =10,

Mg = {(Y — tf;here, (1 — 1;here)},
Cs = {(B,B';out, here) | r: AB — CD € P}.

Let us examine the work of this system.

First, a general observation: the symbol { is a trap, once introduced it can evolve forever, which
means that no output is obtained.

Initially, we have strings only in membranes 2 and 6. Assume that at some moment in membrane
2 we have a string of the form wY (initially, w = S). Any context-free rule from P can be simulated
by the corresponding mutation rule from Ms. Assume that w = wy Aws, for some wy,wy € (NUT)*
such that 7 : AB — CD € P. By using the splitting rule (A — CDX|B,;ins,ins), we produce
the strings w1 C DX, B,wyY, each one in exactly one copy (the processed copy of wY is no longer
present). The first string is sent to membrane 3, the second one to membrane 5.

In membrane 3, the string w1 C DX cannot enter any operation (for recombination we need two
strings), it will wait here.

If in membrane 5 we use the rule (Y — f;here), then computation will never end, hence we
have to use a rule of the form (F — F';ing), associated with some rule v’ : EF — HJ € P, and
the resulting string is sent to membrane 6. We have to consider two cases: (1) the string sent to
membrane 6 is of the form B,B'wLY, (2) this is not true. Note that the first case corresponds to
the situation when the starting string wY was of the form wi ABwyY, for r: AB — CD € P.

In the second case, the string does not contain the substring B, B’, hence it cannot be recombined
in membrane 6 with the corresponding string B, B’ (which waits here from the beginning of the
computation, in one copy). Thus, the string must be processed with the rule (Y — {;here) and
the computation will never finish.

Consequently, we can proceed further only when the string is B, B'w,Y. The use of the rule
(Y — f; here) will make the computation never end, but we can avoid this by using the recombi-
nation. We again have two cases, depending on the order of using the strings:

a. (B,B'whY,B.B')\ (B,B',B,B'w\Y) (out,here),
b. (B.B',B,B'w,Y) \ (B,B'w,Y,B,.B') (out,here).

If the string B, B’ is sent out and the string B, B'w}Y remains in membrane 6, then this second
string has to be processed by using the rule (Y — {; here) (we cannot use the recombination, be-
cause we no longer have here a copy of B, B’, it has been consumed at the previous recombination);
the computation will never end. Therefore, we have to proceed as in case b: in membrane 6 we
reproduce the string B, B’, maybe needed at subsequent steps, and the string B, B'w,Y is sent to



membrane 5. We know that the simulation of the rule » : AB — CD was started in a correct
manner, the symbols AB were present in adjacent positions in the starting string.

In membrane 5 we remove the symbol B’ (by (B’ — \;out)) and we send to membrane 2
the string B,w2Y. Here, the symbol B, is replaced with X and the obtained string, Xw-Y,
is sent to membrane 3. Now, the recombination in membrane 3 is possible, we get the strings
w1 CDXw,Y, X, which are sent to membrane 4. Here, the symbol X is replaced by X’ and the
strings are sent simultaneously to membrane 3, where X’ is erased, and the obtained strings, A and
w1 CDw,Y, are sent to membrane 2. The empty string will never be processed again, the second
string is exactly the result of simulating the rule r : AB — CD.

The process can be iterated (hence any derivation in G can be simulated in IT). At any moment,
in membrane 2 we can use the rule (Y — A;out). A string w € (N UT)* is sent to membrane 1.
We have two cases:

(1) If the string w is composed of terminal symbols only, then it can be splitted by the rules
(a — alc; here,here),a € T, then the fragments can be sent to membrane 2 by using the rule
(a = Z||f;ine,ing),a € T. All fragments containing the symbol f are sent to membrane 3 and, from
here, to membrane 4, the output one, contributing to the number generated by the computation.
If any fragment sent to membrane 2 contains at least one occurrence of a symbol from T, then the
computation will never end. Indeed, if we replicate a string u € T* with |u| > 2, then both the
obtained strings will contain at least one terminal symbol. For instance, take u = u1biusbous, with
b1,be € T and apply the rule (by — Z||f;ing,ing), then the strings u; Zugbius, u1 fusboug are sent
to membrane 2. The second string can be sent to membrane 3 by using the rule (f — f;ins), but
u1 Zbougug will evolve forever in membrane 2 by the rules by — 1,1 — 1.

This observation is very important: in order to correctly close the computation, the string
w € T* sent to membrane 3 should be splitted symbol by symbol and only such pieces can be sent
to membrane 2. That is, we produce exactly |w| copies of the symbol f, hence the result of the
computation will be exactly |w|, as desired.

(2) If the string w contains non-terminal symbols with respect to G, then the computation
never ends. First, the string is cut by the rules (a — alc; here, here),a € T, in parts. If any part
contains only symbols from N and occurrences of ¢, then rules (A — A;here) from membrane 1
can be applied forever. Fragments which contain at least a terminal symbol can be processed by
means of rules (a — Z||f;ing,in2),a € T; copies of them, with a replaced with Z and f, are sent
to membrane 2. There is at least a fragment containing a nonterminal symbol; by reduplication,
both the string which contains the symbol Z and the string which contains the symbol f will
contain a nonterminal occurrence. The string which contains the symbol f will eventually arrive
in membrane 4, and it can be processed here forever by rules of the form (A — A; here), A € N.

This completes the analysis of the work of the system II. We obtain N(II) = {|w| | w € L(G)},
hence IRE C NCPs. O

It remains as an open problem to find which of the inclusions NCP; C NCP;,, for i =
1,2,3,4,5, is proper.
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