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Abstract

In this paper we show direct transformations between P automata with
priorities working in sequential and maximally parallel modes.

1 Introduction

P automata were introduced by E. Csuhaj-Varji and G. Vaszil [2] as a variant of
P systems [4]. The structure of P automaton is defined by hierarchically embedded
membranes with one outermost membrane which is called the skin membrane. Each
membrane can contain some objects and another membranes. With every region
a set of communication rules is associated. According to these rules and given
priorities among them, the objects evolve and move throught the membranes.

We consider two different ways of applying the rules. If the rules are applied
in the sequential manner (one rule per region is used in one step), we speak about
P automata working in the sequential mode ([1], [2]). A P automaton working in
the maximally parallel mode uses in one step of the computation as much applicable
rules as possible ([3]). In this paper we study the relation between the sequential
and the maximally parallel way of the rule application.

2 Preliminaries

In this section we review some terminology and definitions. We denote by V* the
set of all words over an alphabet V. The set of natural numbers we denote by
N. A multiset of objects M is defined as a pair M = (V, f), where V is the set
of objects and f is a mapping f : V. — N. The set V is called a base of the
multiset M. We denote by V0 the set of all multisets with a base V. Every finite
multiset M with a base V = {a1,...,a,} can be represented as a string w over
alphabet V' which satisfies the condition |w|,; = f(ai), where 1 < i < n. We denote
supp(M) = {a | a € V N f(a) # 0}. We say that the multiset M is empty if
supp(M) = 0.
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Let V and T C V be two alphabets. We define a mapping h : V0 — 27T as
h(M) = supp(M) N T for a finite multiset M = (V, f); it is called | — projection of
V0 to 27. We extend the mapping h to a sequence of multisets M, ..., M,, M; €
VO 1<i<n: h(My...Myp) ={z1...2, | ; € h(M;) for h(M;) # 0 and z; = ¢
for h(M;) =0, 1 <13 <n}.

Let L1, Lo be two languages over multisets V7, V2. We define catenation of lan-
guages Ly - Ly = {M; U M, | for every My € Ly, My € Lo}.

A P system (see details in [6]) is a structure of hierarchically embedded mem-
branes. Every membrane has its own label and it delimits a region which can contain
objects and other membranes. The skin is always labeled by number 1. A membrane
structure is identified by a string of correctly matching parentheses.

Let ¢ and k be two membranes. If the membrane ¢ is contained in the membrane
k in the system and there is no other membrane j, j # i, k, such that the membrane
1 is contained in the membrane j and the membrane j is contained in the membrane
k. Then we say that the membrane k is a parent membrane of the membrane ¢ and
we use the notation par(i) = k. The membrane 7 is called a child membrane of
the membrane k. For each membrane j # 1 there is membrane i, 7 < j such that
i = par(j).

An object is contained in a region if it is not contained in the region of its child
membranes.

The objects can be evolved according to rules which are associated with every
membrane. By the application of the rules in all regions at the same time the system
comes through configurations and pursues a computation.

The system uses rules of the form (z, in), z, z € V?; by the application of this
kind of rules in the region i the multiset of objects x is moved from the region par(i)
to the region 4. This rule can be applicated only if a multiset z called a promoter is
contained in the region i. An example of the application of a rule (ab, in)., which
is associated with the region 2 is shown in figure 1.
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Figure 1: The contents of the regions of the system before and after the application
of the rule (ab, in).

The rules can be applied in each region in the sequential or maximally parallel
mode. If in one step of a computation in every region only one rule is used and the
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rule is nondeterministicaly chosen from the set of applicable rules, the system works
in sequential mode. If the system works in the maximally parallel mode, then in
one step of computation all applicable rules are used.

Definition 1 An extended P automaton with priorities and with n membranes is a
structure:

C(pri) = (V,T, u, (w1, P1,R1, F1),...,(wn, Py, Ry, Fy)),n > 1, where

V is an alphabet,

T CV is a finite set of terminal symbols,
e 1 is a membrane structure of n membranes labeled by 1,...,n,
o w; € VO, 1 <i <, is the initial content of region i,

o P, 1< 1< n, isa finite set of communication rules associated with the region
i, the communicating rule has a form (z, in),,

e R; C P, x P; is a relation, 1 < i < n; if (r1,72) € R;, the rule r1 has higher
priority than the rule ro (we denote r1 > r3). Let P{, Pj be two sets of rules
and (P{,P)) € R;, 1 < i < n; then every rule from the set P| has a higher
priority than any rule from the set Pj,

o F;, C VO 1< < mn,is the set of final states of region i, Fj # 0 for at least
one j #1i, where 1 <1 <mn.

The configuration of P automaton I' is an n-tuple of multisets of objects con-
tained in the n regions at one moment; (wi,...,wy) is the initial configuration of
the P automaton I'. The P automaton I is in a final configuration (x1,x2,...,Zy)
if for all F; # () there is some z; € F;, 1 <i < n.

The end of computation is defined by halting of the system. The P automaton
I halts if there is no applicable rule and the system is not in a final configuration —
this computation is called unsuccessful, or the system is in final configuration — this
is a successful computation.

Definition 2 A transition mapping of an extended P automaton with priorities
working in the sequential mode Tseq(pri) is a partial mapping 0seq : VO x (VO)* —
(VO™ Let (u1,-..,uy), (u),...,ul) be two configurations andu € V° be a multiset.
We define the transition mapping:

Oseq(ty (u1y...yup)) = (uh,... ul)
iff for every i, 1 < i <m, there is a rule (z;, in),, fulfilling the following conditions:
1. z; Cwu; for z; # €, or u; = € for z; = e,

2. z; C Upar(i); 2<:1 < n,
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3. x1 =u,

4. there is no other applicable rule with higher priority fitting conditions 1., 2.
and 3.,

Souj=wUz;— U .
par(j)=i

We can define the transition mapping of a P automaton working in maximally
parallel mode as follows.

Definition 3 A transition mapping of an extended P automaton with priorities
L par (pri) working in mazimal parallel mode is a partial mapping dpar : VO x (VO™ —
(VO™ Let (u1,...,upn), (ul,...,ul) be two configurations and u € V° be a multiset.
We define the transition mapping:

Opar (u, (u1,...,up)) = (uly--yu)

iff for every i, 1 <1i <mn there ezxists a multiset of rules P} = {rj1,...,Tim}, where
Tij = (Tij, i)y, € P, 1 < j <m, fitting conditions:

1. zj Cuy; for z;j # € for every z;j, 1 < j < m;, or every z; j = ¢,
1<j<my, and u; =,

2. Tij. . Zim C Upar(i)s
2<1<n,

3. 1,1+ Tl,m = U,

4. there is no other applicable rule with higher priority, which can be used instead
of the multiset of rules P}’ and P]' C P),

1

5. there is no other rule r; € P; and r; ¢ P! such that {r;} U P} fulfil the previous
conditions,

6. uj=u;Uz; — U zj.
par(j)=t

A sequence of configurations obtained in this manner is called a computation.
The computation ends if the system reaches a final configuration, that is, if all
regions are in final states. If for some j there is F; = (), P automaton can enter
the final configuration without regard to state of region j, every state of region j is
final. The sequence of multisets of objects from 7" which enter a system during a
computation is called the accepted sequence.

Definition 4 We define an extended transition function dx : (V°)* x (VO)» —
(VO™ X € {seq,par}, as a function mapping a sequence of multisets over V and
a configuration (ui,...,u,) of the P automaton T x(pri) to a new configuration, if
it exists, as follows.

1. 6x (v, (ut,---,up)) = dx (v, (ug,...,uy))
v,ui € VY, 1<i<n,
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2. Ox(v1...vs, (ULy-ee,upn)) = 0x(vs,0x (V1 ... 05 1, (U1,...,up)),
’Uj,’U,Z'EVO, 1<j<s, 1<i<n.

Now we can define a language accepted by P automaton I x (pri):

Definition 5 Let I'x(pri) be extended P automaton with priorities. An language
accepted by T x (pri) is the set of sequences of multisets

L(Tx(pri)) ={h(t1---tm) | Ox(t1 .. tn, (wi,-..,wy)) = (v1,...,0,),
where v; € Fj for all j, F; #0, 1 <j <n},

where X € {seq,par} and h is the | — projection.

3 The sequential mode versus the maximally parallel
mode

Theorem 1 Let I'per(pri) be a P automaton working in the mazimally parallel mode
and L(Tpq, (pri)) the language accepted by this P automaton. Than there exists a
sequential P automaton Tseq(pri) such that L(Tpg,(pri)) = L(Lseq(pri)).

Proof: Let Tyo,(pri) = (V, T, p, (w1, P, Ry, F1),. .., (wp, Py, Ry, Fy)), n > 2 be

a P automaton with priorities working in the maximally parallel mode. We construct

two membranes sequential P automaton Lyeq(pri) = (V', T, (w!, P{, Ry, F]), (wh, P,
5, F3)) such that L(Ppar(pTi)) = L(Fseq(pT'i))'

In the first region of the sequential P automaton there are all symbols contained
in all regions of '), (pri) marked with a superscript which indicates their place in
4. The symbols from the first region are without superscripts and this ensures the
equality of accepted languages without the necessity of their further transformation.
For example, let '}, (pri) be the P automaton with membrane structure [ [2 ]2 [3
[4 ]a I3 ]1 and configuration (ab, ac, bc, aa). Then new P automaton I, (pri) has
the membrane structure [; [2 |2 |1 and in the first region it contains the multiset of

objects ab a®c® b3c? a*a*. Figure 2 shows this situation.

e N
ab ab skl
be

ac aa @ c? a

Figure 2: Transformatoin of the contents of the regions

One step of computation of P automaton I'ye,(pri) is simulated with as many
steps of I'seq(pri) as the number of applicable rules are used in this step of com-
putation. If some rule of I'per(pri) is applied to some multiset of objects, rules in
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['seq(pri) move these objects to the second region and objects with a mark of the
relevant region and a mark of being new in system enter the system. The enter-
ing objects can be used in promoter of another rule in this step of computation
of T'per(pri) but they cannot be moved to another membrane. Objects used as a
condition for applying some rule are replaced by symbols i,, where 7 is the mark of
region in which the rule was applied and z is a promoter of the rule.

We define the extended P automaton with priorities and with two membranes
as follows:

FS@Q(p'M:) = (V,aTa (wllaplla IlaF{)a(wI%PZI ,27F21))1wh67'6

° V’:V1UVQUVE;U{F,D,G,Pla---,Pnana---aQna]-a""n}a
F,D,G,_PZ',QZ',?.¢V, ].g’LS'n,
- Vi=V u{zl|eV, 2<i<n}U{s" izlz €V, 1<i<n},
- Va={Fyly e 1},
- Va={iljlu e Vi, 1 <i<n};

o W) =wiws...w,FG12...n;

e wy = D;

Pl =MyUMU...UM,4,

— My = {(Qi, in)p| 1 <i <n},

- M, = {(1,1,zPyu, in),q| (=, in), € P1, if z = € then u= E; else u =
€},

— M; = {((j),, 2" i,i P, in)yiig| (x, in), € P, 2<i<n-—1,
w € {x',iz|zr € V}*,j = par(i),if z = then u = E else u = ¢},

— M, = {((par(n)),z™ 2" n!, Py, in)ypartmngl (@, in)y € P, if z =
€ then u = E else u = €},

= Myy1 = {(Fypizi, in) g pry (Fimi, in)p o, (Fi,m, in)1,m,
(me7 iln’)ZE'F'| S 14 ’ 2 S i S TL},

- Mnp42 = {(W7 'L’n’)z| 1<:i< n}7

— My 3 ={F12...n, in)g},

- n+4 = {(WIW’, Z.n)an, (Wlwla in)Qn};
« P,=NyUNiU...UNy3,

— No = No1 U Nog,
* No1 = {(Qi1, in)p| 1 <i < n},
* Noz = {(Qi, in)p| 1 <i < n};
- Ny ={(LP, in)p| (z, in), € P1},
— N; = {((par(i))wrrDil 2 By, in)p| (=, in). € B},
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N, = {((par(n))iva”(”)n'zz”Pn, in)pl| (z, in), € Py},

— Npy1 = {(Fyi, in)p, (Fi iz, in)p, (Fpz', in)p, (W', in)p|
z€V,1<i<n},

— Npyo = {(WGa ’L.’I’L)D,(inG, in)Da(ITimGa in)DaFJ?Ga ’L’n)D|
z€eV,1<i<n},

— Npis = {(F, in)p},
— Npia = {(EiGv, in)p| v € {z,iy| x € V}};

e Rl ={Mpy1 > My > M >...> M, > Mpia > Mpio > M43}, priorities
among the rules of original P automaton working in maximally parallel mode
are preserved in a scope of the sets My,..., M,,

o Ry ={Ny > Nop2> Nyiq >Ny >...> Nyps};
e F/=T-T§-...-T"-FG1...n, where T} = F{ for F; #( ,else T} = (V¥)*,

Consider one step of the P automaton working in maximally parallel mode.
The sequential P automaton nonderministically chooses one rule from the set of
applicable rules from the set M7; this ensures that this rule is of the form

(121;$IP1, m)zG

For example, if

ajag...ag,
r = blbg...bl,
then the multiset
laylay - Loy 1,050y D10 .- DLP

enters the system and in the following step a symbol @)1 enters the system and the
multiset

!
1a1a2___aka1a2 cee kal

leaves the first region. The symbols 1, are used to indicate that the symbols
a;, 1 < 4 < n, are included in the promoter of the applied rule. The symbol
14, ..q, determines the symbols which in the next step will leave the first region. By
an application of the first rule corresponding with the rule associated with the first
region of ', (pri) the symbol 1 enters the second region. If the symbol 1 is missing
in the region 1 it means that at least one rule was applied in the first region of
P automaton I'pq(pri). At this moment the system is ready to nondeterministically
choose further rule from the set M. If for the next step of computation there is no
applicable rule in the set M;, the system starts to apply rules from the set Ms. Let
the chosen rule be

r= (bl .. bla 7;77’)(1.1...(%-
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The subset of the set My is associated with the rule r. The rules are as follows
( IUl...Ulb%, ces bl2’2a1 ---2ak2a1---akp2> Z.'”)Ul...U,af...a%G |Uj € {bj’ 1bj}7 1<5<1.
For example, if in the first region there are symbols

alal...af byly,1p,bs. .. by,
then after using corresponding rule the multiset

! 2! 2! 2/ !
1b1152 1b3b4...blb1 b2 Tt bn 2041 20.2 Tt 2ak2a1...akP2

moves to the region 2. In next step of computation the symbols ., .. and symbols

in chain are moved to the region 2 too. The computation continues till the last
applicable rule from the set M,, is used. After checking that in the first region there
is none of the symbols 1,2,...,n, the simulation enters to its second part. If there
are some of the symbols 1,2, ..., n in the first region it means that in the simulation
of this step of computation of I'yq,(pri) there is no applicable rule in some region
and the computations of both P automata unsuccessfully halt.

In the second part of simulation the system replaces all “used” symbols (symbols
iaj aé-' are replaced with aj-, 1 < 14,5 <1). As soon as the last "used” symbol is
removed, the simulation of the next step of computation of I'p,,(pri) can be started.

Every rule (z, in) € P;,1 < i < n, corresponds to the set of rules of type
(wE;P;, in)g € P| and to the set of rules of type (vE;GP;,in)p, which has higher
priority than the set of rules of type (F; P;w,in)p both associated to the region 2. If
the rule corresponding to the rule (z,in). associated with region 4 is used then the
special symbol E; enters the system. If there is some symbol with label of region %
in the first region, the furhter computation is unsuccessfully halted by taking away
the symbol G.

The set of finite states associated with the first region is created by the union of
all finite states of [',q, (pri) with corresponding label.

If the computation of the P automaton T'p,,(pri) starts from an initial config-
uration and ends in a final one and T’y (pri) accepts a word w, then there exists
a successful computation of sequential P automaton with two membranes and with
priorities I'seq(pri) which accepts the word w too and if I'yeq(pri) accepts a word
w', then there exists a successful computation of the P automaton Ty, (pri), which
accepts the word w' too. O

Theorem 2 Let Uyeq(pri) = (V, T, u, (w1, P, Ri, F1), ..., (wn, Py, Ry, Fy)), n > 2,
be a P automaton with priorities working in the sequential mode and L(Tseq(pri))
be the language accepted by this P automaton. Then there exists a P automaton
Fpa'r(pri) = (VI,T, My (wllaP{a Ila Fll)a R (wlm PA? R;w Frlb)) working in the mazi-
mally parallel mode such that L(Tper(pri)) = L(Tseq(pri)).

Sketch of the proof: Let L(I';,(pri)) be the language accepted by the P au-
tomaton e (pri) = (V, T, i, (w1, P1,Ri, F1),..., (W, Py, Ry, Fy)), n > 2, working
in the sequential mode. We will construct the P automaton T'p,, (pri) = (V', T, u,
(w}, P, Ry, F{), ..., (wh, P, R, F})) such that L(Tper(pri)) = L(Tseq(pri)).
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The idea of the construction is to add the special symbol r; (1 < i < n) to each
region and to the promoter of every rule. Then in every region in every step there
is only one rule applicable because in each region there is only one occurrence of
the special symbol r;. We need to give a special attention to transformation of
the rules of type (z, in).. This kind of rules can be applied only if the region is
empty. By adding the symbol r; to the region it cannot be empty anywhere and
a modification of the rule (z, in). to the rule (z, in),, changes the condition for
application in undesirable way. This new rule would have to be used only if in the
region there is only one symbol and this symbol is ;. Therefore there is a set of
rules {D, in),|if(z, in)e € Pi,u € V } associated with region 1 of I'yq, (pri) with
higher priority then the rule (z, in),,. If the rule (z, in). is associated with region
i, 2 <1i <m, the set of rules {r;_1, in);, u € V} with higher priority than the rule
(z, in)y, is associated with region i of P automaton T'pe,(pri). To every P/ the rule
(riz1D, in),, is added and this rule has the highest priority.

The P automaton Iy, (pri) accepting the language L(I'seq(pri)) is constructed
as follows:

Lpar (pri) = (V' T, u, (wh, P, R, FY),...,(w,, P, Rl F.)), where

V=V U{D,ri|1 <i<n}
o wi=wr;, 1 <i<m;

Pl = My UM, U M,

- Ml = {(ZE, in)27"1| (‘T7 Zn)z € P1,Z # 6}7
- My = {(Ia in)?"1| (I, in)e € P1}7
— M3 ={D, in)ru| u € V,if(x, in) € P};
° ]:’iI:NlUNQUNgUNgUN4,2S’i§n,
- N1 =A{(z, in)u,| (z, in), € P,z # €},
- Ny = {(z, in)y| (z, in)e € B},
- N3 = {(Ti—la zn)ﬁ“' u € V,zf(:c, Zn)e € -PZ},
— Ny = {Dri_1, in),};

Rll :{Mg >M2}UR1;
o F! =Fr},1<i<n.

Let Cyeq(pri) = (V, T, p, (w1, P, Ry, F1), ..., (wy, Py, Ry, Fy,)) be a P automaton
with priorities working in sequential mode and (v1,v,....,v,) be its configuration
in some step of computation. The corresponding configuration of P automaton
Cpar(pri) = V', T, p, (W', P{, R, FY), ..., (w}, P, R, F})) is (vir1,v2r2, ..., 0nTy).
For the next step of computation of I's.q(pri) the n-tuple of rules is nondeterministi-
cally chosen from all applicable rules. Then there exists an n-tuple of corresponding
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rules which has to be applied in the next step of computation of I'yq,(pri) and af-
ter this step the system enters the configuration (viry,vhre,. .., v r,) corresponding
to a configuration of I'y.q(pri) after using n-tuple of chosen rules. The P automa-
ton Lyeq(pri) = (V, T, p, (w1, P, R, F1),. .., (wn, Py, Ry, Fy,)) working in sequential
mode accepts the word w iff the P automaton I'p,, (pri) = (V', T, i, (w}, P, R}, F{),

.., (wl,, Pl R, F)) accepts it too. 0

4 Summary

The aim of this paper was to present a direct equivalence of P automata working in
the sequential and the maximally parallel mode. We show that for every P automa-
ton working in the maximally parallel mode there exists a P automaton working in
the sequential mode such that languages accepted by these P automata are equal.
We conclude the paper giving an informal proof of a reverse theorem.
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