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Abstract

Starting from conservative energy—based P systems, we define conservative
computations as computations in which the amount of energy entering the sys-
tem is the same as the amount of energy leaving it.

We show that conservative computations naturally induce an NP-hard op-
timization problem, that we have named MIN STORAGE, and a corresponding
NP-complete decision problem, CoNsCoMP. Finally, we propose a polynomial
time 2—-approximation algorithm for MIN STORAGE.

1 Preliminaries

P systems (also called membrane systems) have been introduced in [14] as a new
class of distributed and parallel computing devices, inspired by the structure and
functioning of cells. The basic model consists of a hierarchical structure composed
by several membranes, embedded into a main membrane called the skin. Membranes
divide the Euclidean space into regions, that contain some objects (represented by
symbols of an alphabet) and evolution rules. Using these rules, the objects may
evolve and/or move from a region to a neighboring one. The rules are applied in a
nondeterministic and maximally parallel way: all the objects that may evolve are
forced to evolve. A computation starts from an initial configuration of the system
and terminates when no evolution rule can be applied. The result of a computation
is the multiset of objects contained into an output membrane or emitted from the
skin of the system.

In what follows we assume that the reader is already familiar with the basic
notions and the terminology underlying P systems. For details, and a systematic
introduction on the subject, see the monograph [16]. The latest information about
P systems can be found in [20].

Energy-based P systems have been introduced in [12] as P systems in which
the amount of energy manipulated and/or consumed during computations is taken
into account. A given amount of energy is associated to each object of the system.
Moreover, instances of a special symbol e are used to denote free energy units oc-
curring into the regions of the system. These energy units can be used to transform
objects, using appropriate rules. The rules are defined according to conservativeness
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considerations. An object can always be transformed into another object having the
same energy. On the other hand, if the transformed object has a different energy
then the required (resp., exceeding) free energy units are taken from (resp., released
to) the region where the rule is applied. For each rule of the system it is required
that the amount of energy occurring on the left side be the same as the amount of
energy occurring on the right side. We assume that the application of rules consumes
no energy. This means, in particular, that objects can be moved (without altering
them) between the regions of the system without energy consumption. A special
case of energy—based P systems are conservative P systems, where the amount of
energy entering the system with the input values is completely returned with the
output values at the end of the computation, and no free energy units enter or leave
the system during the computation.
Formally, an energy—based P system (of degree m > 1) is a construct

In= (A,8,/1,, €, Wi,... awmaRla e Rmaiinaiout)a
where:
e A is an alphabet; its elements are called objects;

e ¢: A — RT is a linear mapping that associates to each object a € A the real
value €(a) (also denoted by &,), which can be thought of as the “energy value
of a”. Precisely, if A = {a1,a9,...,a4} then for all 7 € {1,2,...,d} it holds
e(a;) = €(ay) + (4 — 1)0 for an appropriate real value 6 > 0. Hence, the energy
values considered in the system are equispaced by the quantity . Through an
appropriate rescaling, we can always assume that all energy values are positive
integer values, and that § = 1;

e 4 is a hierarchical membrane structure consisting of m membranes. For the
sake of clarity, we will label membranes with mnemonic identifiers which recall
their function;

e ¢ ¢ A is a special symbol that denotes one free energy unit, that is, one unit
of energy which is not embedded into any object;

e w;, foralli € {1,...,m}, specify the multisets (over AU{e}) of objects initially
present in region i;

e R;, for all i € {1,...,m}, is a finite set of evolution rules over A associated
with region ¢. Only rules of the following types are allowed:

ac® = (b,p) , e (pe, e (ep)
where a,b € A, p € {here,in(name),out} and k is a non negative integer;
e ii, is an integer between 1 and m and specifies the input membrane of II;

® joyt 1S an integer between 0 and m and specifies the output membrane of II.
If iout = 0, then the environment is used for the output, that is, the output
value is the multiset of objects (over A) emitted from the skin.
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A special attention is due to the definition of rules. The meaning of rule ae® —
(b,p), with a,b € A, p € {here,in(name),out}, and k a positive integer number,
is the following: the object a, in presence of k free energy units, is allowed to be
transformed into object b. If p = here, then the new object b remains in the same
region; if p = out, then b leaves the current membrane. Finally, if p = in(name),
then b enters into the membrane labelled with name, which must be a child of the
current membrane in the membrane hierarchy.

The meaning of rule a — (b, p)e¥, when k is a positive integer number, is analo-
gous. The object a is allowed to be transformed into object b by releasing k units of
free energy. As above, the new object b may optionally move one level up or down
into the membrane hierarchy. The k free energy units can now be used by another
rule to produce “more energetic” objects from “less energetic” ones.

When %k = 0 the rule ae® — (b,p) is written as @ — (a,p), and simply moves (if
p # here) the object a upward or downward into the membrane hierarchy, without
acquiring nor releasing any free energy unit. Analogously, rules e — (e, p) simply
move (if p # here) one unit of free energy upward or downward into the membrane
hierarchy.

A further constraint for the definition of rules is that each rule must be “conser-
vative”, in the sense that the amount of energy occurring on the left side of the rule
must be the same as the amount of energy which occurs on the right side.

With a little abuse of notation, when the pair (z,p), with z € AU {e} and p €
{here, in(name),out}, appears into a rule we will write z,. Also, if p = in(name) and
no confusion arises we will usually write just the name of the membrane. Moreover,
instead of writing e¥ we will sometimes explicitly write k instances of e. It is also
understood that the position of e* (that is, on the left or on the right of the symbol
of A) either into the left or into the right side of a rule is uninfluent. Finally, when
the position p of an object which occurs in the right side of a rule is “here” we will
omit to write it.

Example 1.1. Let us assume A = {a,b,c,d}, where the objects have energy values
ga = 1,65 =2, 6. = 3 and g4 = 4. Then the rule be? — (d, out) (also written as
bee — d,¢) transforms an instance of the object b into an instance of the object d,
provided that two free energy units are available, and makes the new object d leave
the current membrane.

On the other hand, the rule c — (a, here)e? (also written as c — aee) transforms
an instance of the object ¢ into an instance of the object a and releases two free
energy units into the region in which the rule is defined.

Let us note also that in case of necessity (for example, during proofs) we can
safely assume that for each rule at most one instance of e cooperates with a symbol
of the alphabet. In fact, any rule of the kind a — (b,p)e*, with a,b € A and
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p € {here, in(name),out}, involving k instances of e, can be decomposed as follows:

a — (b1, here)e
by — (bg, here)e

b9 — (bk_l,here)e
be-1 = (b, p)e

by introducing into the alphabet the new symbols b1,...,b;_1. An analogous ob-
servation holds for rules of the kind ae® — b.

A possible extension of the model, which is nevertheless uninfluent with respect
to the problems considered in this paper, is to allow the use of constructor and
destructor rules. A constructor rule is a rule of the kind e* — (a,p), where a €
A, €, = k, p € {here,in(name),out} and k is a positive integer. Informally, a
constructor rule for an object a € A is a rule which uses ¢, free energy units to
build the object a. In other words, we allow transformations from “pure” energy to
system objects. Analogously, a destructor rule is a rule of the kind a — e*, where
a € A and ¢, = k (a positive integer). Hence, a destructor rule for an object a € A
is a rule which transforms the object a into €, units of free energy.

A configuration of II is an n-tuple (Mj,..., M,,) of multisets (over A U {e})
of objects contained in each region of the system. (wi,...,wy,) is called the ini-
tial configuration. For two configurations (My,..., M), (Mj,...,M],) of II we
write (My,...,My,) = (M{,...,M],) to denote a transition from (M,..., My,) to
(M{,...,M]), that is, the parallel application of one or more rules of the system.
The reflexive and transitive closure of = is denoted by =*. A final configuration is
a configuration where no rule can be applied.

A computation is a sequence of transitions between configurations of II, starting
from the initial configuration. A computation is successful if and only if it reaches
a final configuration or, in other words, it halts. It is understood that the multiset
(over A, that is, not considering free energy units) of objects which occur in w;, are
the input values for the computation. Analogously, the multiset (over A) of objects
occurring in the output membrane (or emitted from the skin if ioyy = 0) in the
final configuration is the output of the computation. A non-halting computation
produces no output.

If M denotes the set of all possible multisets over A, then we can define the
function G : M — 2M U {L} computed by II as the (partial) function that to
each multiset M € M associates the set G(M) of possible multisets which can be
produced in output by II when given M in input. If the computation does not halt,
then G(M) = L. Here we stress that, for an halting computation, only one of the
multisets in G(M) is nondeterministically produced in output. With a little abuse
of notation, for any fixed computation we denote also this multiset by G(M).

Since energy is an additive quantity, it is natural to define the energy of a multiset
M, denoted by E(M), as the sum of the amounts of energy associated to each in-
stance of the objects which occur into M. Analogously, the energy of a configuration
C={M,...,M,}, denoted by E(C), is the sum of the amounts of energy associated
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to each multiset which occurs into the configuration: E(C) = 7" E(M;). A con-
servative energy—based P system can thus be defined as an energy-based P system
for which in every possible computation all configurations have the same amount
of energy. Moreover, in a conservative P system it is required that the amount of
energy entering the system with the input multiset M is entirely returned with the
output multiset G(M) at the end of the computation.

In [12] we have shown that energy—based P systems are able to simulate any re-
versible circuit made of Fredkin gates. Since families { F'C), },en of reversible Fredkin
circuits are able to compute any family {f,}nen of boolean functions, (families of)
energy—based P systems constitute a universal model of computation. The simulat-
ing P systems considered in [12] are self-reversible, meaning that the same system
is able to perform both “forward” and “backward” computations, that is, to com-
pute the output values corresponding to any given input values, and vice versa.
An interesting aspect of the simulations presented in [12] is that the simulating P
systems are also conservative: the amount of energy present into the system during
computations is constant. Hence it is possible to perform universal computations
using only self-reversible and conservative P systems.

This is by no means the first time that energy is considered when dealing with P
systems. Considering the energy balancing of processes in a cell was first investigated
in [19] and then in [5]. There the energies of all rules to be used in a given step in a
membrane are summed up; if the total amount of energies is positive [19] or within
a given range [5], then this multiset of rules can be applied if it is maximal with this
property. Energy and associations between energy and information have also been
considered in [1, 6, 7, 8].

The paper is organized as follows. In section 2 we define conservative computa-
tions for energy—based P systems. Moreover, we introduce the NP—hard optimization
problem MIN STORAGE and its corresponding NP—complete decision version, CON-
sCowmP. In section 3 a 2-approximation algorithm is proposed for MIN STORAGE.
Section 4 proposes conservative languages with some directions for future research.
Finally, section 5 concludes the paper.

2 Conservative computations

As we have said above, in a conservative energy—based P system the amount of
energy entering the system with the input values is completely returned with the
output values at the end of the computation. This means, in particular, that if
some free energy units are present in the initial configuration {ws,...,wp,} of a
computation then these energy units will occur also in the final configuration. Once
the output values have been removed from the output membrane (or, alternatively,
once they have been expelled from the skin), this amount of free energy units can
be used to perform another computation.

This situation suggests the following scenario. Assume that we have a se-
quence S;, = (M, Ms,..., M) of multisets (over A) to be used as input
values for an energy-based P system II. Moreover, assume that we already
know that IT will produce the multisets G(M),...,G(M)) when given in input
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M, ..., My, where G(M;) # L for all 4 € {1,2,...,k}. Let E(M;),...,E(My)
and E(G(My)),..., E(G(My)) be the energies associated with the input and output
multisets, respectively, and let us consider the quantities e; = E(M;) — E(G(M;)),
for all 4 € {1,2,...,k}. As we have said, we may assume without loss of gener-
ality that all e;’s are integer values. We say that the computation of the output
sequence Sy = (G(M1),...,G(My)), obtained starting from S;y, is conservative if
the following condition holds:

This condition formalizes the requirement that the total energy provided by all input
multisets of S;, is used to build all the output multisets of Syy;- If no additional
energy, in the form of free energy units, is supplied during the computation of
Sout then this condition formalizes also the requirement that the energy entering
the system during the computation is equal to the energy leaving it. Of course
it may happen that e; > 0 or ¢; < 0 for some i € {1,2,...,k}. In the former
case some free energy units remain into the system after producing G(M;). These
energy units can be used during the computation of subsequent output multisets
G(M;41),...,G(My). Hence the P system II acts as an accumulator of energy.
Notice that in every conceivable physical realization of a P system there is a bound
on the maximum amount C of energy units (both free and embedded into objects)
which can be stored into the system. We call C' the capacity of the system.

If the output multisets G(M1), G(Ms), ..., G(My) of Sy are computed exactly
in this order then, assuming that the system II starts with zero internal energy, it
is easily seen that st; := ey, sto ;= €1 +e2, ..., sty :=e1 +e2+ ...+ e is the
sequence of the amounts of energy stored into the system during the computation
of Syut- Notice that sty = 0 for conservative computations, so that the amount of
energy stored into the system at the end of the computation is zero.

In some cases the order with which the output multisets of S,,: are computed
does not matter. We can thus introduce the following problem: Given an input se-
quence (Mj,..., M) and the corresponding output sequence (G(M), ..., G(My)),
is there a permutation 7 € Sy (the symmetrical group of order k) such that the com-
putation of G(My(1)), ..., G(Mxz)) can be performed by an energy-based P system
having a predefined capacity C? This is a decision problem, whose formal state-

ment follows. (Note that we do not actually need to know the multisets M, ..., M}
and G(My),...,G(My): all we need are the values e; = E(M;) — E(G(M;)), for
i€{1,2,...,k}.)

Let & = (e1,€2,...,€e;) be a finite sequence of integer numbers. For a fixed

i €41,2,...,k}, the i-th prefiz sum of £ is the value 22:1 ej. Let C be a positive
integer; we say that & is C—feasible if for each i € {1,2,...,k} the i-th prefix sum
of £ is in the closed interval [0, C].

Problem 2.1. NAME: CoNSCOMP.

e INSTANCE: a set & = {e1,ea,...,e;} of integer numbers such that e; + ey +
...+ er =0, and an integer number C > 0.

273



e QUESTION: is there a permutation m € Sy (the symmetric group of order k)
such that the sequence ey (1), €x(2);- .-, er(k) 18 C-feasible? ]

The fact that the resulting sequence er(1),€x(2),---,€x(k) is C-feasible can be
explicitly written as:

0<) e <C Vie{l1,2,...,k} (1)
7j=1

The ConsCoMP problem can be obviously solved by trying every possible per-
mutation 7 from Sy. However, this procedure requires an exponential time with
respect to k, the length of the input sequence. A natural question is whether it is
possible to give the correct answer in polynomial time. With the following theorem
we show that the CoONsCOMP problem is NP—complete, and hence it is very unlikely
that a polynomial time algorithm exists that solves it. The proof of this theorem
was originally published in [4].

Theorem 2.1. CoNsSCoOMP is NP—complete.

Proof. CoNsCOMP is clearly in NP, since a permutation # € Sj has linear length
and verifying whether 7 is a solution can be done in polynomial time. In order to
conclude that ConsComP is NP—complete, let us show a polynomial reduction from
PARTITION, which is a well known NP—complete problem [9, page 47].

Let A = {a1,a2,...,a;} be a set of positive integer numbers, and let m =
Zle a;- The set A is a positive instance of PARTITION if and only if there exists
a set A" C A such that > . a = 2. If m is odd then A is certainly a negative
instance, and we can associate it to any negative instance of CONSCoMP. On the
other hand, if m is even we build the corresponding instance (€, C) of ConsComp

by putting C = 3 and £ = {e1,ez,..., €k, exy1,€x42}, Where e; = —a; for all
i €{1,2,...,k} and ey, = ep4o = 5. It is immediately seen that this construction

can be performed in polynomial time.

We claim that A is a positive instance of PARTITION if and only if (£,C) is a
positive instance of CONsSCoMP. In fact, let us assume that A is a positive instance
of PARTITION. Then there exists a set A" C A such that ) . a = T, and the
corresponding negative elements of £ constitute a subset £’ such that ), .o e = = 2.
We build a permutation m € S by selecting first the element eg,; followed by the
elements of £’ (chosen with any order), and then ey o followed by the remaining
elements of £. It is immediately seen that 7 satisfies the inequalities stated in (1),
and hence (£,C) is a positive instance of CONSCoMP. Conversely, let us assume
that (£,C) is a positive instance of CONSCOMP. Then there exists a permutation
m € Sk that satisfies the inequalities stated in (1). Since the first chosen element

cannot be negative, it must necessarily be 7. Moreover, since C' = 7, the second

5 -
5 can be chosen if and only if the energy stored into the system is zero, that is, if

and only if there exists a set £’ C £ of negative elements whose sum is equal to —¢.
The opposites of these elements constitute a set A" C A such that > 4 a = %,
and thus we can conclude that A is a positive instance of PARTITION. ]
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The CoNsCOMP problem naturally leads to the formulation of the following
optimization problem.

Problem 2.2. NAME: MIN STORAGE.

e INSTANCE: a set £ = {e1,ea,...,er} of integer numbers such that e; + ex +
oot e = 0.

e SOLUTION: a permutation m € Sy such that 2221 erj) = 0 for each i €
{1,2,...,k}.

e MEASURE: 112%)36 > =1 €n(i)- O

Informally, the output of MIN STORAGE is the minimum value of C' for which
there exists a permutation m € S such that the sequence er(1),€r(2),.--,€x(x) 18
C—feasible. Notice that a trivial upper bound for the value of C' is:

k

1
Yo ei=5) e

i€{1,2,....k} : €;>0 i=1

while a trivial lower bound is max;<;<y |e;|.

It is immediate to see that MIN STORAGE is in the class NPO [2, page 27].
In fact, checking whether some given integers ei,es,..., e, sum up to zero can be
trivially done in polynomial time; each feasible solution has linear length and besides
it can be verified in polynomial time whether a given permutation © € S, is a feasible
solution; finally, the measure function can be computed in polynomial time. Since
the underlying decision problem CoNsCoMP is NP-complete, we can immediately
conclude that MIN STORAGE is NP-hard [2, page 30]. As with the ConsCowmp
decision problem, this means that it is very unlikely that a polynomial time algorithm
exists that gives the correct solution to every instance of MIN STORAGE.

If we drop the requirement e; +e2 + ...+ e; = 0 in the instances of ConsCoMP
and MIN STORAGE we obtain the following problems.

Problem 2.3. NAME: ConsCowmp II.

e INSTANCE: a set & = {e1,e9,...,ex} of integer numbers, and an integer num-
ber C' > 0.

e QUESTION: is there a permutation m € Sy such that the sequence er(),
€r(2)y- -1 Cn(k) 15 C-feasible? 0

Problem 2.4. NAME: MIN STORAGE II.

e INSTANCE: a set £ = {e1,e,...,er} of integer numbers.
e SOLUTION: a permutation m € Sy such that 22:1 erj) = 0 for each i €
{1,2,...,k}.
B i
e MEASURE: 112?3)39 2 i=1€n(j)- O
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Notice that it may happen that, for some instance £, the set of feasible solutions
of MIN STORAGE II is empty. In such a case, we put the solution equal to 0 by
definition.

ConsCowmp 11 is obviously NP—-complete, by the restriction property [9, page 63],
since it contains CONSCOMP as a particular case. Notice that interesting instances
of ConsCowmpP II are obtained only for values ej, e, ..., e, taken from the interval
[-C, C] of integers. In fact, if e; & [-C,C]NZ for some i € {1,2,...,k} (a situation
which can be verified in linear time) then the instance does not admit a solution.
Since ConsCoMP 1T is the decision version of MIN STORAGE II, and it is NP—
complete, MIN STORAGE II is NP-hard. Also for this problem, if the set of feasible
solutions is not empty then a trivial upper bound for the value of the optimal solution
is > e;, while a trivial lower bound is max;<;<y |€;]-

i€{1,2,...,k} : ;>0

We conclude this section by observing that a different interpretation of CON-
sCowmp II and MIN STORAGE II can be given without reference to conservativeness
and conservative computations. Let us consider a merchant whose business involves
k cities. When the merchant arrives to the i-th city he either buys or sells some
good. If he sells, he earns an amount e; of money; if he buys, he spends an amount
e; of money. Hence we can associate to each city a positive integer earning e; > 0 or
a “negative earning” (that is, an expense) e; < 0. The CoNsCoMmP II problem can
thus be seen as the formalization of the following problem: Given a wallet that may
contain a maximum amount C of money, is the merchant able to make a tour of all
cities (as in the TSP problem) without going out of money or earning too much?
We call this interpretation of CONSCoOMP II the TRAVELING MERCHANT problem.
Analogously, MIN STORAGE II can be seen as the formalization of the problem
which asks what is the minimum capacity of the wallet that allows the merchant
to perform a tour of all cities. An appropriate name for this interpretation of MIN
STORAGE II seems to be MIN WALLET.

3 Approximating MIN STORAGE

Since the MIN STORAGE problem is NP-hard, a natural question is how well its op-
timal solutions can be approximated in polynomial time. Precisely, we ask ourselves
whether there exists a PTAS (Polynomial Time Approximation Scheme) or even an
FPTAS (Fully Polynomial Time Approximation Scheme) for MIN STORAGE.

The fact that PARTITION can be thought of as a particular case of the SUBSET
SuM problem (indeed, a direct polynomial reduction from SUBSET SuM to CON-
SCOMP can be trivially derived from the proof of Theorem 2.1) could suggest that a
modification to the standard FPTAS for SUBSET SuM [11] could lead to an FPTAS
for MIN STORAGE. However, differently from SUBSET SuM, CoNsComP is NP-
complete in the strong sense (and hence MIN STORAGE is NP-hard in the strong
sense), as it is easily proved in the following. Let us consider the 3-PARTITION
problem [9, page 224].

Problem 3.1. NAME: 3—PARTITION.
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e INSTANCE: Set A of 3m elements, a bound B € Z*, and a size s(a) € Z™ for
each a € A such that B/4 < s(a) < B/2 and such that ), s(a) = mB.

e QUESTION: Can A be partitioned into m disjoint sets Ay, Ag,..., Ay such
that, for 1 < i < m, 37,4 8(a) = B (note that each A; must therefore
contain exactly three elements from A)? O

The 3—PARTITION problem is NP—complete in the strong sense [9, page 224]. A
simple modification to the proof of Theorem 2.1 allows to build an explicit poly-
nomial reduction from 3—PARTITION to CONSCoOMP, thus proving that also CON-
SCoMP is strongly NP—complete. As it is well known [2, page 116] this fact prevents
the existence of an FPTAS for MIN STORAGE. Hence the next natural question
is whether there exists a PTAS for MIN STORAGE. This possibility is still under
investigation.

Here we show that MIN STORAGE is in the class APX of problems which admit
a constant factor polynomial time approximation algorithm. Let us consider the
following algorithm.

APPROX MIN STORAGE({ey,e2,...,€e5})

M + maxi<;<k |6Z|
E,=E,=0
fori< 1tok
do ife; >0
then E, = E, U {e;}
else E, = E, U{e;}
max < st < 0
while E, # ()
do if st< M
then z < an element of E,
st st+x
if st > max then mazx < st
E, = Ep \ {z}
else z < an element of £,
st st+x
E, = E, \ {z}

return max

The algorithm works as follows. The variable M is set to maxi<;<k |e;|, which
is a theoretical lower bound for the optimal solution. While scanning the elements
of the instance in order to compute M, we can divide them into negative (E,) and
non negative (E,) elements. The elements which are equal to 0 are uninfluent to
the problem and can be put both in E, and/or in Ej; in the pseudo-code above we
have put them all into E,. The variable st records the energy which is currently
stored into the system. The idea is to make this variable assume values only into the
interval [0,2M] (actually, into the interval [0,2M — 1]). The variable maz, which
contains the value returned at the end of the computation, records the maximum of
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the values assumed by st into the subinterval [M,2M]. Since the optimal solution
cannot be less than M, this strategy allows the algorithm to return a value which
is by a factor at most 2 greater than the optimal solution.

Notice that at the end of the execution only some elements of E, will not be
chosen. Since Ele e; = 0, these elements will lead st to 0 and they will not affect the
returned result. If we are required to build a permutation 7w € S that corresponds
to the solution found by the algorithm then it suffices to store the elements into an
array as they are selected; the remaining elements from F, can be chosen in any
order to fill the final portion of the array.

A direct inspection of the pseudo—code reveals that the time complexity of the
algorithm is linear with respect to k, the length of the input sequence.

Proposition 3.1. APPROX MIN STORAGE is a 2—approzimation algorithm for MIN
STORAGE.

Proof. We have to prove that, for any instance £ of MIN STORAGE, the algorithm
2-APPROX MIN STORAGE always returns a solution sol(€) which is at most the
double of the optimal solution opt(£):

sol(€) < 2-opt(€)

First of all we note that the value of st is always non negative. In fact, when
the execution starts the value of st is set equal to 0. In the subsequent steps the
algorithm chooses a negative element of £ if and only if st > M. Since the absolute
values of all negative elements are not greater than M, at the next iteration the
value of st will remain non negative.

On the other hand, the value of st is always less than 2M. In fact, the algorithm
chooses a positive element of £ if and only if st < M. Since the chosen element
cannot be greater than M, the resulting value of st remains less than 2M.

The value returned by APPROX MIN STORAGE is the maximum value comprised
between M and 2M — 1 assumed by the variable st. Since opt(£) > M and sol(€) <
2M, we can conclude that sol(£) < 2M < 2 - opt(E). O

4 Conservative languages

As a direction for future work we propose to study the properties of conservative
languages, which can be defined as follows. For a fixed integer C > 0, we first define
the alphabet ¥¢c = Z N [-C, C] whose 2C + 1 elements are the integers from the
interval [—C, C]. Moreover, let E’& be the set of strings of length k composed by
symbols taken from ¥¢.

Definition 4.1. For any integer k > 1, the language CONSc (k) is the following set
of strings:

Conscg(k) = {w:O'lO'Q"'O'kEZIé : OSZ;:NUSC

for all i € {1,2,...,k}, and Y&  o; = o}
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Moreover, we define the languages CONSc = |J;»; CONSc(k) and CONS =

Depending upon the need it may be appropriate to include or not the empty
string A in CONS¢. Since the addition of zeroes in a given string w does not change
the values of its prefix sums we can immediately conclude that for all £ > 1 the lan-
guage CONS¢(k+1) contains an isomorphic image of CONS¢(k). It is also immediate
to see that the languages CONS¢ form the following (infinite) hierarchy:

Cons; C CoNsy C ... C CONs¢ C ...

In fact, for any fixed positive integer C' let we = C, —C be the string formed by the
juxtaposition of the symbols C' and —C. Then clearly we € CONsc \ CONs¢_; for
all integers C > 1.

Let us now consider the following problems.

Problem 4.1. Given a positive integer C, and o01,09,...,0r, € X¢ such that
Zle o; = 0, can we form a word w € CONSc(k) by taking each o; exactly once? [

The formalization of this problem is CoNsCoMmP, and hence it is NP—complete
in the strong sense.

Problem 4.2. Given o1,09,...,0r € X¢ such that Zle o; = 0, what is the min-
imum value of C such that there erists w € CONSc(k), obtained by taking each o;
ezxactly once? O

The formalization of this problem is MIN STORAGE, and hence it is NP-hard in
the strong sense. A new interesting problem is the following.

Problem 4.3. Given a positive integer C, and o1,09,...,0r € X¢c, what is the
longest word w € Eé, with 0 < £ < k, that can be formed by picking each o; at most
once, such that w € CONS¢ ? O

Formally, this problem can be stated as follows.
Problem 4.4. NAME: MAX STRING LENGTH.

e INSTANCE: a set {e1,ea,...,ex} of integer numbers, and an integer number

C >0.

e SOLUTION: a permutation ™ € S.

. N T . .
e MEASURE: [nax {z |0 < Yieng < Cforallr € {1,...,i}, and

7=1

It is immediate to see that MAX STRING LENGTH is in NPO. In fact, each
feasible solution has linear length, and the measure function can be computed in
polynomial time.

279



The decision version of this optimization problem asks whether, given a set
{e1,€9,...,e,} of integer numbers, a positive integer number C, and a non negative
integer number L, there exists a permutation 7w € Sy such that:

T i
max {i|0§ Ze”(ﬂ') <Cforallre{l,...,i}, and Zeﬂ(ﬂ') :O} > L

0<i<k . -
- = j=1 j=1

This decision problem, that we name STRING LENGTH, is clearly NP—complete in
the strong sense. In fact, let (£ = {e1,...,ex},C) be an instance of CONSCOMP.
We build the corresponding instance of STRING LENGTH by putting L = k. Then, a
solution to this last problem immediately corresponds to a solution of CoNnsCoMP.
As a consequence, we can conclude that the optimization problem MAX STRING
LENGTH is NP-hard in the strong sense.

As for the computational power of energy—based P systems we propose the in-
troduction of languages which can be generated using a bounded (fixed, logarithmic,
polynomial, etc.) amount of energy or capacity, and the subsequent investigation of
the properties of these languages. Another possibility is to define families { P, }nen
of energy—based P systems, where P, uses n units of energy. Then, we can define
the language generated by { Py }nen as U, ey Ln, where Ly, is the language generated
by P,. This approach is reminiscent of circuit complexity [21]. Moreover, having de-
fined both an input and an output membrane, we can view energy—based P systems
as devices which map multisets into multisets, as we have done in this paper. With
respect to this point of view, instead of asking what multisets can be generated by
the system we can ask what mappings can be realized by imposing different bounds
on the amount of resources that the system is allowed to use.

5 Conclusions

Starting from conservative energy—based P systems we have introduced the notion of
conservative computations as computations in which the initial energy of the system
is the same as the energy at the end of the computation.

We have shown that conservative computations induce MIN STORAGE, a new
NP-hard optimization problem, and CoNsCOMP, its naturally associated decision
problem. Being ConsCoMmP NP-complete in the strong sense, the existence of an
FPTAS for MIN STORAGE is prevented. The existence of a PTAS is still under
investigation. In this paper we have presented a 2-approximation algorithm for
MIN STORAGE, thus proving that the problem is in the complexity class APX.

Finally, we have introduced conservative languages.
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