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Abstract

We show that P systems with symport/antiport rules sending at most one
object per direction generate any recursively enumerable set of natural numbers
with three membranes. This improves the previously known best bound of four
membranes.

1 Introduction

Membrane systems, or P systems were introduced in [8] as computing models in-
spired by the functioning of the living cell. Their main components are membrane
structures consisting of membranes hierarchically embedded in the outermost skin
membrane. Kach membrane encloses a region containing a multiset of objects and
possibly other membranes. Each region has an associated set of operators operating
on the objects contained by the region. These operators can be of different types,
they can change the objects present in the regions or they can provide the possibil-
ity of transferring the objects from one region to another one. The evolution of the
objects inside the membrane structure from an initial configuration to a somehow
specified end configuration correspond to a computation having a result which is de-
rived from some properties of the specific end configuration. Several variants of the
basic notion have been introduced and studied proving the power of the framework,
see the monograph [9] for a summary of notions and results of the area.

One of the most interesting variants of the model was introduced in [10] called
P systems with symport/antiport. In these systems the modification of the objects
present in the regions are not possible, they may only move through the membranes
from one region to another. The movement is described by communication rules
called symport/antiport rules associated to the regions. A symport rule specifies a
multiset of objects that might travel through a given membrane in a given direction,
an antiport rule specifies two multisets of objects which might simultaneously travel
through a given membrane in the opposite directions. The result can be read as
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the number of objects present inside a previously given output membrane after the
system reaches a halting configuration, that is, a configuration when no application
of any rule in any region is possible.

P systems with symport/antiport were shown to be able to generate any recur-
sively enumerable set of numbers already in [10]. This result was improved from
the point of view of the number of necessary membranes and the complexity of
communication rules in [5, 6, 7]. The study of minimal symport/antiport, when the
multisets in the rules contain at most one object, started in [1] where it was shown
that such systems with nine membranes generate any recursively enumerable set of
numbers. Then the number of necessary membranes were decreased to six in [3], to
five in [2], and then to four in [4].

In the present paper we continue to improve this result by showing that three
membranes are sufficient to generate any recursively enumerable set of numbers with
minimal symport/antiport.

2 Preliminaries and Definitions

We first recall the notions and the notations we use. The reader is assumed to be
familiar with the basics of formal language theory, for details see [11]. Let V be an
alphabet, let V* be the set of all words over V, and let V* = V* — {¢} where ¢
denotes the empty word. The set of natural numbers is denoted by N, the class of
recursively enumerable sets of natural numbers is denoted by NRE.

A multiset is a pair M = (V, f), where V is an arbitrary (not necessarily finite) set
of objects and f : V — N is a mapping which assigns to each object its multiplicity.
The support of M = (V, f) is the set supp(M) ={a € V| f(a) > 1}. If V is a finite
set, then M is called a finite multiset. The set of all finite multisets over the set V'
is denoted by V°.

The number of objects in a finite multiset M = (V, f), the cardinality of M, is
defined by card(M) = 37 .y, f(a). We say that a € M = (V, f) if a € supp(M).
My = (V1, f1) € My = (Va, fa) if supp(M1) C supp(Ma) and for all a € V1, fi(a) <
f2(a). The union of two multisets is defined as (M; U Ms) = (V1 U Vo, f') where for
alla € V1 UVy, f'(a) = f1(a) + f2(a). We say that M is empty, denoted by e, if its
support is empty, supp(M) = 0. In the following we enumerate the not necessarily
distinct elements aq,...,a, of a multiset as M = {{a1,...,an}}, by using double
brackets to distinguish from the usual set notation.

A P system is a structure of hierarchically embedded membranes, each having
a label and enclosing a region containing a multiset of objects and possibly other
membranes. The out-most membrane which is unique and usually labelled with 1,
is called the skin membrane. The membrane structure is denoted by a sequence of
matching parentheses where the matching pairs have the same label as the mem-
branes they represent. If x € {[;,]; | 1 <4 < n}* is such a string of matching paren-
theses of length 2n, denoting a structure where membrane 7 contains membrane j,
thenz =1 [jzo [j 23 ]j 24 |i x5 forsome zy, € {[1,]; |1 <1< n, I #4,5}*, 1 <k <5.
If membrane 7 contains membrane j, and there is no other membrane, k, such that
k contains j and 4 contains k (z and x4 above are strings of matching parentheses
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themselves), then we say that membrane 7 is the parent membrane of j. A mem-
brane m is called elementary, if there is no other membrane inside it, that is, if
T =21 [m |m T2

The evolution of the contents of the regions of a P system is described by rules
associated to the regions. Applying the rules synchronously in each region, the
system performs a computation by passing from one configuration to another one.
In the following we concentrate on communication rules called symport or antiport
rules.

A symport rule is of the form (z,in) or (z,out),z € V°. If such a rule is present
in a region 4, then the objects of the multiset £ must enter from the parent region or
must leave to the parent region. An antiport rule is of the form (z,in;y, out), z,y €
V°, in this case, objects of x enter from the parent region and in the same step,
objects of y leave to the parent region.

The rules are applied in the maximal parallel manner, that is, as many rules are
applied in each region as possible. The end of the computation is defined by halting;:
A P system halts when no more rules can be applied in any of the regions, the result
is the number of objects in an elementary membrane labelled as output.

Definition 1 A P system with symport/antiport of degree n > 1 is a construct
I=\V,u E,wi,...,wy,Ry,...,Ry,out)
where
e 1 is an alphabet of objects,
e 4 is a membrane structure of n membranes,

e F C V is the set of objects which can be found in the environment in an
arbitrary number of copies,

w; € V°, 1 <14 < n, are the initial contents of the n regions,
e R;, 1 <1 < n, are the sets of symport/antiport rules associated to the regions,

e out is the label of an elementary membrane, the output membrane.

To simplify the notations we denote symport and antiport rules as (z,in;y, out),
z,y € V° where we also allow at most one of z,y to be the empty multiset. If
y = € or = €, then the notation above denotes the symport rule (z,in) or (y, out),
respectively.

The n + 1-tuple of finite multisets of objects present in finite number of copies
in the environment and in the n regions of the P system II describes a configuration

of I; (e, w1, ..., wy) € (V°)*! is the initial configuration.
Definition 2 For a configuration (ug,...,uy), the P system may enter the new
configuration (ug,...,u;,), denoted as (ug,...,un) = (ug,-.-,u,), if there exist

rules as follows.
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For all i,1 < i < n, there is a multiset of rules P, = {{r;1,...,7m,;}}, where
rij = (%ij,1n;Yi;,0ut) € R; satisfying the conditions below where z;, y; denote
the multisets Ulgjgmi z;; and [ J; <j<mg Yirjs respectively. Furthermore, there is no
r € Rj, for any j, 1 < j <n, such that the rule multisets P; with P, = P; for i # j
and P} = {{r}} U P}, also satisfy the conditions which are given as

z1 =z Uz with supp(z)) C E, z¥ C ug, and

U z;Uy; Cuy, for 1 <4 < n.
parent(j)=i

Then the new configuration is obtained by
up = ug — x; Uy, and

w, = u; Uz; —y; U U Yj — U zj, for 1 <i < m.
parent(j)=1 parent(j)=1

The P system generates numbers as follows.

Definition 3 The set of natural numbers generated by a symport/antiport P sys-
tem as above, N(II) € NRE, is the following set.

N(II) = {z=-card(uout) | (e, w1,...,wn) =" (ug,---,Upn),

where (ug, ..., uy) is a halting configuration}
and =* denotes the reflexive and transitive closure of =.

Let NOP,(sym,,antis) denote the class of sets of numbers generated by sym-
port/antiport P systems of degree n where for all (z,in), (y,out), (v,in; z,out) €
R;, 1 <i<mn,card(z) <r,card(y) <r, and card(v) < s, card(z) < s.

Before we proceed, we need the notion of a counter automaton which will be
used in the proof of our result. We present the definition in the form given in [4],
for more details see [4] and its references.

Definition 4 A counter automaton is a construct

M= (QaCaRaq()af)

where @ is a set of states, C = {cg,c1,...,¢n} is a set of counters, ¢y being the
output counter, R is a set of transitions of the form (r — s,X), for two states
r,s € @, and an instruction X € {i+,i—,e,i = 0}, go € @ is the initial state, and
f € Q is the final state.

If a transition (r — s, X) is an element of R, then the machine can pass from state
r to state s executing X. If X is i+ or ¢—, then it instructs the machine to increase
or decrease the value of counter ¢; by one, if it is e, then it instructs the machine to
leave the counter values unchanged, if it is ¢ = 0, then the transition from r to s is
only possible by having zero as the contents of counter ¢;.
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Definition 5 The configuration of a counter automaton M is given by the (n + 2)-
tuple (q,co,c1,...,¢,) where ¢ € @ is a state, and ¢; € N, 0 < 7 < n, are the
values stored in the counters, ¢y being the value of the output counter. The initial

configuration is (qo,0,0,...,0), a final configuration is of the form (f,cg,c1,...,¢y)
where f is the final state of M.
Given a configuration (g, co,c1,...,cp), the machine can pass to configuration

(d', ¢y, c,--., ), denoted as (g, co,c1,...,¢n) = (¢, ¢, ¢, -, ch), if (g — ¢, X) €

R, and
o if X =j+,thenc;=c;+1landc=¢;, 0<i<m,i#j,
o if X =j— thenc;=c;j—land¢;=¢;, 0<i<m,i#j,
o if X =¢, then ¢, =¢;, 0 <i<n,
e if X =(j=0), then ¢, =¢;, 0<i<mn,andc¢; =0.

Let =* denote the reflexive and transitive closure of =.

A computation is a sequence of such transitions leading from the initial configuration
to a final configuration, its result can be read from the output counter.

Definition 6 The set of natural numbers generated by a counter automaton M as
above is the following.

N(M) = {c €N|(q,0,0,...,0) =" (f,co,c1,---,¢n), Where
qo and f are the initial and the final states, respectively}.

It is known that counter automata are able to generate any recursively enumerable
set of numbers if they have two or more counters beside the output counter.

3 The Number of Membranes

In this section we show that P systems with minimal symport/antiport generate
any recursively enumerable set of numbers with three membranes. To do this, we
will show how these systems simulate the computations of counter automata.

Theorem 1 NOP;(symq,anti;) = NRE.

Proof. Consider the counter automaton M = (Q,C, R, qq, f) with counters C' =
{co,c1,-..,cn} as above, ¢y being the output counter. We construct a P system II
with minimal symport/antiport generating the language L(II) = {z+4 | z € L(M)}
as follows. Let

II = (‘/, M, E, w1, w2, wWs, Rl, RQ, R3, 3)
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where = [1 [2 [3 ]3 ]2 |1, and

V = {I17I25I3aI:I’,aI4aI5aoola0027003;Oo4aCaflaf{af2aféaf27f3affliafél}U
{gr,qr' | (¢ = 7, X) € R for some X € {i+,i—,i =0,e} }U
{€i,0; | 0 <i < n},

E = {gr,qr'|(¢g—r,X) € R for some X € {i+,i—,i =0,e} }U
{14,f15f2a.f2af3af4}u{ci|Osi§n}'

The initial region contents are

wr = {{Ila-TlaI27I3100170027OO4’OO450}}7
wy = {{o01,009,003,003}} U{{0; |0 <i<mn}}, and
w3 = {{I5af{7féafé}}

The work of the P system can be divided into three phases:
e Initialization,
e simulation of the counter automaton, and
e termination.

In the initialization phase an arbitrary number of counter symbols ¢;,0 < ¢ < n,
are moved into region 1 and an arbitrary number of transition symbols gr’ for some
q,7 € @ are moved into region 3.

In the simulation phase II simulates M by modifying the number of counter
symbols present in region 2 according to the counter contents of M as follows. First
IT imports a transition symbol gr for a possible transition (¢ — r, X') of M into region
1. Then this symbol travels to region 2 and then to region 3 where it remains until
the termination phase, and from where the primed version, gr’, is released to region
2 moving to region 1 where it is sent out to the environment and at the same time
an other transition symbol 7s is imported for an other valid transition (r — s,Y)
of M. While these transition symbols travel through the system to region 3 and
back, the modifications on the number of counter symbols in region 2 are realized.
If X = i—, then a copy of ¢; is removed from region 2 when gr enters this region
from region 1. If X = i+, then a copy of ¢; is imported from region 1 to region 2
when ¢r’ moves from region 2 to region 1. For X = (i = 0), a simple mechanism is
used which, through the aid of maximal parallel rule application, allows the above
described movement of the transition symbols only in the case when region 2 does
not contain any symbol ¢;.

In the termination phase, the counter symbols corresponding to the output
counter are moved to region three, then the possibly still present transition symbols
of the form gr or ¢r' for some ¢,7 € @ are moved from region 3 to region 2. In
case of an unsuccessful simulation, IT may never stop which is ensured by an infinite
loop: A pair of ooy symbols are present in region 1 and 2, together with the rule
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(001,05 001, out) in region 2. This loop is “destroyed” only in the termination phase
after a successful simulation allowing the computation to stop.

For the sake of easier readability we present the rules of II in groups correspond-
ing to these phases R; = R™ U RS U Rle", 1 <i < 3. For j, 0 < j < n,

(qr',in; I, out), (I1,in), (Is, in; I1, out), (cj,in; I out), (Iy,in) € R{™
(I,in), (gr',in; I, out), (I3, in; 0og, out) € Rém

(I3,in), (qr', in; I3, out), (003, in; I3, out) € Rgm

With the help of the initialization symbols I, I1, I, I3 € wy, these rules import an
arbitrary number of transition symbols ¢gr’ with ¢, € Q into region 3 and counter
symbols ¢;, 0 < i < n, into region 1. In the first step, I; and I; are moved out
of the system, Iy and I3 are moved to region 2. Since there will be other rules in
region 1 for I3, it is necessary to make sure that it is moved to region 2 by sending
out the symbol cog. If 009 is not sent out, an infinite loop is formed which can not
be later destroyed. By applying these rules in succession, the imported transition
symbols are moved to region 3, the counter symbols remain in region 1. If for some
reason, because of the application of some other rule, a transition symbol cannot be
moved to region 3 from region 2, then cos is moved into region 3 instead, creating an
infinite loop. Another infinite loop involving the two oo objects keeps the system
working until a correct simulation of a successful computation is finished, then it is
removed, otherwise if the simulation does not follow the right track, the system will
produce no result. These infinite loops need rules

(001, in; 001, out), (002, in; 009, out) € R
(c03,in; 003,0ut) € R

If once in region 1, instead of a transition symbol, I, is imported, then the initial-
ization phase is finished using the following rules.

(I,out) € R™
(L4, in; I3, out), (I, in; Iy, out), (004, in; Iy, out), (I1, in; I5, out) € Ré”i
(Iy,in; Is, out), (I, in; I ,out) € R

First, to avoid the creation of an infinite loop involving two oco3 objects in region 2
and 3, the symbol I3 is moved out from region 2 to region 1 and at the same time I
is moved from region 1 to region 2. Then I3 leaves the system, and I, is sent back
to region 1 while moving I; to region 2. Since there are other rules for I; in region
1, an infinite loop is created if in this step it is not moved to region 2. Now I is
transferred to region 3, where it brings also I» to region 3, and releases I5 which
moves to region 1 while bringing I; to region 2. The infinite loop needs the rule

(0c04,in; 004, 0ut) € RI®

Thus, at the end of the initialization phase, the system ends up in a configuration
where w1, us, ug are the multisets contained by the three regions as

ur = {{Ci17"'7cik |ij€{0,...,n}, 1§]§k}}u
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{14, I, 002, 002, 004, 004, 001, C}},
U2 = {{Ilaj_laoolao()aola"'50n7003aoo3}}a and

ug = {{arl, . g@mrn | g,r€Q, 1<j<m}}uU
{{127f{,féafé}}

The simulation of the counter automaton is realized with the following rules.

sim
Ry =

stm
R; =

stm
R3 =

{(QOQazna I5aOUt)’ (Ts,in; qT,aOUt) | q0,4,7,S € Q and
(go > ¢,X),(¢g = 1rY),(r > s,Z) €R for some X,Y, Z},

{(rs,in;rs’,out) | (r = s,X) € R for some X}.

First I5 is sent out of the system and one transition symbol, denoting a transition
from the initial state g is imported, then the transition corresponding to the symbol
is simulated. This is done by moving the transition symbol to the third region,
exchanging it to its primed version, and moving the primed version back to region
1. While the transition symbol travels through the regions, it adds or subtracts a
counter symbol to or from region 2 when necessary. If the instruction corresponding
to the simulated transition is 7 = 0, then the above described movement of the
transition symbol is only possible if there are no ¢; counter symbols present in

region 2.

If the system simulates a transition to the final state, it may enter the terminating
phase. In this phase the following rules are used.

ter
Ry

ter
Ry

ter
Ry

{(f1,in; ¢f", out), (f2,in; f1, out), (f2,in; fa, 0ut), (fa,in; fa, out),
(f3a ’l’l’I/, fé’ OUt)’ (f4a ’L’I’L, féa OUt)}a

{(flain)’ (Ca in; f{’ OUt)’ (an n; 0o, OUt)’ (OOain; €0, OUt)a
(Oo,i’n; féa OUt)a (.f37 in; C, OUt)a (f{;’ OUt)a (f47 in; 001, OUt)}7

{(f1,in; f1, 0ut), (C,in), (C, out), (co,in; C, out), (f2,in; f3, out)
(f37 in; f?,n OUt)a (f4ain; TS,OU't)a (f4ain; rs, OUt)a (f47 OUt)}'

During the terminating phase, symbols f1, f2, f3, and f4 travel through the system,
each performing a specific task. First, after a transition symbol of the form gf’, f1
is imported into region 1. It moves to region 3 where f] is released which moves to
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region 1 bringing C' to region 2. The task of C' is to move all ¢y counter symbols
corresponding to the output counter to region 3. This may take several steps, so f]
is exchanged with f» in region 1, and fo can move in and out of the system for an
arbitrary amount of time. When f, is exchanged with fo, the termination process
continues. The travel of fs is only possible if there is no ¢y present in region 2. In this
case, after f) leaves the system, f3 is imported. While f3 moves through the system
it removes C from region 2, so no further movement of possibly newly appearing ¢
will be allowed to region 3, then, when f; leaves the system, fy is introduced. When
f4 moves to region 2, it removes 001, thus removes the infinite loop, and then it also
removes the remaining transition symbols from region 3. When all of these symbols
are out of region 3, the system stops working, having only the counter symbols plus
four other symbols, f1, f2, f3, and I3 in region 3, the output region, thus producing
a result z € N for some (z —4) € L(M). O

4 Conclusion

We have shown how to simulate counter automata using P systems with mini-
mal symport/antiport and three membranes, thus we have improved the previously
known best result stating that four membranes are sufficient to reach this power.
The optimality of our result is still to be demonstrated, but we conjecture that it
cannot be further improved.
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